Solutions to Peskin and Schroder — Andrzej Pokraka

Problem 11.2: A zeroth-order natural relation.

This problem studies an N = 2 linear sigma model coupled to fermions:

L= %(Mi)? + %u%")? - %((W)?)2 + D) — g (9" + i)Y (1)

where ¢* is a two-component field, ¢ = 1, 2.
(a) Show that this theory has the following global symmetry:
¢! — cos agpt — sin ap?,
$? — sin agt + cos ad?,
¥ — ey, (2)

Show also that the solution to the classical equations of motion with the minimum energy
breaks this symmetry spontaneously.

(b) Denote the vacuum expectation value of the field ¢ by v and make the change of variables

¢'(2) = (v +o(x),7m(2)). 3)

Write out the Lagrangian in these new variables, and show that the fermion acquires a
mass given by

my = gv. (4)

(c) Compute the one-loop radiative correction to my, choosing renormalization conditions so
that v and g (defined as the ¥y vertex at zero momentum transfer) receive no radiative
corrections. Show that relation receives nonzero corrections but that these corrections
are finite. This is in accord with our general discussion in Section 11.6.

Part (a)
To get a better understanding of what (I]) describes we expand the sums to get
L= Lo+ Lim,
Lo =5 (00" + i(@"2) + 5 (96 + w*(6%)) + D)o,
L = =50 = J(60)" = 565V — 9600 — g6, )

From the above equation we see that £ describes two real scalar ¢* fields that can interact with
each other and a massless fermion field.

To show that equation is indeed a symmetry of the Lagrangian , it is easiest to
use the unexpanded Lagrangian of (I). The vector dot product (¢)? is invariant under the
transformation

(¢z)2 — (¢1)2 4 (¢2)2
— cos? a(¢h)? + sin” a(¢?)? — 2sin a cos ap! ¢
+ sin? a(p)? + cos? a(¢?)? + 2sin o cos g’ 2
= (¢")% + (¢°). (6)

This means that the first three terms of are invariant under this symmetry. Next, we show
that the fermionic kinetic term is invariant under this transformation

Bidhy — de= 10 2ige 107" 12 = hidetion” 12100 20y — i), (7)
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Finally, we show that the fermion-scalar interactions are invariant under this transformation
S P + ip* Py — (cos a¢! — sin a¢2) @e“‘)‘"s/ze—m”smw
+1 (sin agt + cos a¢2) 1/_)671.(175/2’)/5671075/21/1
= cos aq/)lz/;e_mf)w + isin aq{)lz/}y‘r’e_m”Sz/J
— sin aghe ™ + i cos ag2PyPe 1 1)
= ¢l (cos a + isin a'yS) e_i‘”Ew
+ i%y° (cos a +isin a’y5) e—m'yf’w
_ ¢1 ,(/;e+ia75efia'y5w + i¢2&756+m7567m75¢
= Q1Y +ig* Py Y. (8)
Now we want to show that the classical solutions to the equation of motion that minimize
the energy break the symmetry . The Hamiltonian density is given by

L . L _ L -
H= Z_:Zm W@(@ )+ 3(000) (Do) + 20000 (Gov) — L
= (0000 + (Vo) — 1201+ (6n)"
§ 50002 + 3 (V62)? = w262 + 2 (62"
(6017020 + (- V) + g0r + ighadny Q

Ignoring the fermion part of the Hamiltonian, the Hamiltonian is minimized by the uniform
fields, ¢ that minimize the potential

1 i A
V(9) = —gu2(6') + J((6)) (10)
Taking the first derivative with respect to ¢° we obtain the condition that ¢} must satisfy
oV (¢ , o
) _ 248 4+ M60)2h = 0
00" |y
= (¢p)° = T Ev (11)

How can this be done without setting ¢ = 0?7 How does the Fermion fields effect v and
spontaneous symmetry breaking?
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Part (b)

We denote the vacuum expectation value of ¢ by v and make the change of variables ¢! — v+o
and ¢? — 7. In terms of the new fields ¢ and 7 the Lagrangian is

L= 5 (@ulo+0)? + (0 + o) + 5 (0m)? + (x)?) + B(id)y
— At o) = G — 20t 0 () — gl + o) — igminy
= £ (00)” + 1707 + 200 +07)) + 3 (@um)” + 127) + U)o

A A A
— 1(04 + dvo® + 6020 + dvdo + vt) — Z7T4 — 5(02 + 200 + v?)7?

= g(v+ o)y — igmpy
((0u0)? + (1* = 3\*)0?) + % ((9um)? + (1 = X*)7%) + (i) — guibyp)

L\DM—*

1 A A A A
+v(u2—)\v )U+2,uu — o —104 47}4 171'4—50'27'(2—)\’[)0'71'2

— gopp — igmpySy. (12)

The above can be simplified by substituting v = p/ VA and dropping the constant terms

2 2
£ 5 (@07 + 6 =350 ) 4 5 (02 4 (2 =500 )+ (Btide - Lo
N Bos B o A Ay Ay,
—&—\/X(,u —/\)\>U—/\\/X0' —)\ﬁaﬂ' — 40 T4 30T
— gopp — igmy°ip,

= 5 ((0u0) ~220) + 5 Oum)? + (B0 — mygw)
—Vuo® — Vpor? — 204 — 27r4 — %U2ﬁ2 — gopp — igmipySip. (13)

Notice that the term linear in o vanishes, as it should (because v is a minimum of the potential).
Furthermore, note that the fermion field has gained a mass

mf:gv:ﬁ. (14)
O'::::::p:::::: g :p2—2u27 M === p— ————— T :F7
(4 > Y =L
P pom

Figure 1: Feynman propagators for the Lagrangian .

Part (c)

The Feynman rules for the (un-renormalized) Lagrangian are collected in Figs. 1| and
To get the counter terms for renormalized perturbation theory we rescale the fields in (13])
by:

¢' = VZs0',
A (15)
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Figure 2: Feynman vertices for the Lagrangian .
to obtain
1. 50 1 o A : . _ ,
L= Z,5(0u6") + 3766 = JZ3((6P) + Zpo i) — 97/ ZaZpd(@ +i*6%). (16)
Defining
Zy=1464, Zy =1+0p, Zop® = p* + 6., AZ5 =X+ 0x and g\/ZyZ; =g+ 64,  (17)
we obtain
L= Lo+0L, (18)
I D - . .
Lo = 508" + Su2(6") = T8 + (i — g9 +ir" 6o, (19)
0 ; Op i ) i -, . )
0L = Z(0ud) + S (#)? = T (&) +0p0(id) — 6,0(8" +in°d%)p.  (20)
Substituting, ¢* = v + o and ¢? = m we obtain the counterterm Lagrangian
dg 2, Ou o iva  Ox a2 e Tl s 52
5L = 200 + (6 = D ()2 + 80 — 8,0(6" +in° 6y
) 1) )
= ?4’(&0)2 + g(aﬂ)? + 5 (¥ + 200 + 0% +77)
— % (v4 + 40202 + ot + 1t + 4030 + 20%02 + 207 7% + dvo + dvor? + 2027r2)
+ 8 (if) — g (v + o + iy )
= %(8H0')2 + %((9“77)2 + % (v 4 2vo 4+ 0* + 77)
- % (v4 + 40202 + ot + 7t + 4030 + 20202 + 20272 + dvod + dvor? + 20271'2)
+ 0 (if) — g (v + 0 +iv°m)e
) 1) -, 1) 3025
- g(aﬂaﬁ + g(aﬂf + 35 0(id) + (05, — v36)) o + (2“ -5 *) o2
Ou 029y, 9 5.0 5.0 5100 5 2 _ 5 ridin®
+ > " 3 T — g P1h — 0goP) — voNT” — Voo — STy Y
2 4
_% 2 2_% 4_% 4 U2(5M_U4(SA. (21)
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Figure 3: Feynman vertices for the counterterm Lagrangian .

The corrections to the mass are given by dmy = X(p)|p=m,. Thus, we need to calculate d,
and any radiative corrections to v. We are to use renormalization conditions such that g and v
do not receive any radiative corrections. This fixes J4, which must satisfy the equation

p

amputated

More specifically, 4 is fixed by the condition
w(p)dgy up) = w(p))V (p, )y u(p) (23)
where

P’ P P’ P
N5 ’” __ u” __ \y__ \\\\.__
Vipr' " = +oowy + P + ; . (24)
P /p P P

Evaluating the sum of the first two diagrams above we obtain

/

, R A 1( m i m
Ak i i+ K+ my) i(P+KE+my),
+ | G Oy )G e
_ ﬂ.gg/ A%k (1 (p —ftmy) Prktmg) 1 (P rEtmy) (cp—E+my)
Cri \ R (k2 —m2 (k)2 —m3 K202 (p + k)2 —m? (p+ k)2 — m?
(25)

97" )’

5
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Setting p’ = p and p? = m?, V12 simplifies to

A% /1 1 1
1% =—ig® | — (= — . 26
) =-is” | (2m)1? (k K~ 2u2) (p+ k)2 = m3 -
To finish simplifying Vi2(p, p) we need to evaluate two integrals of the form
d%k 1
(M =/
W= | @y )
~ o[ :
dx
(1—2)M? + 2xp -k + xp? — xm?)2
1
/dx/ ((k+ ap)? — 22p% — (1 — 2) M? 2 0212
Tp x2p x) + zp J;mf)

/ / ddE 1
- [as w@ E re-am

- #/dz (ir)%d/zr(z —d/2) (27)

where A(M) = 2?p? + (1 — x)M? — xp* + zm} = x*m7 + (1 — x)M?. Using I, we obtain

Vis(p, p) = ~ig” (1(0) + 1(v2n))
i oo ) o) o] (o)
:162/d“’[°g< ) (Aﬁu) “](HO@)

13772 /dzl (I mf+2 = ) )

Next we evaluate the last two diagrams in V,

d . .
Vaa(p,p') = / (gﬂl)fd [(gﬁ)’,(fﬁf%)(—ig) (k—l—p)ZQ _2M2(—2m\f/\)

(ig) &)

(k+p)?
Rl 2W><>2u1 ’

f
- 292‘“/ <§jrl>€d [(w - m?)((lifp;nif;m)w I RN R (fp;@L P2 - 2u2)]
_ 2g2uV/3L(3) /dy/dz/ ae [(—/Jré/sz’):mf) N (Z—@(;fz—_»zﬂ;;mf)]
— 462/ NI (3) / dy / d / (Sifd [W( p Z_V'At)’;lf _ y}f’( : Z_%’A—Z)?f] (29)
where
Ay =—y(1—y)p* —2(1— 2)p” +2y2p - p' + (1 —y — 2)m? — 2yp?, (30)
Do = —y(L—y)p” = 2(1 = 2)p” + 2yzp-p' + (1 -y — z)m} — 242", (31)
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Setting p’ = p and p? = mfh V34 simplifies to

2 a%e z m 2)p—m
bnto) =20 fay fos | o [~ I

_ 92 J yt+2)ptme (y+2)pf—my
— M\A167T2 /dy/dz { Ailpr=p Aalp=p

2 i (y+2)p+my  (y+z)p—my
=% /“516 2 /dy/dz { A1|p/:p A1|p’:p

dx/l T mf
1672 1—2x—2y+2:cy+x2+y)m — 2z

= 42 VA

1m mf
— 4g\ d
916 2/ x/ V(T =22 — 2y + 20y + 22 + y2)m2 — 202

The counterterm, d,, is then fixed to be

69 = =V(p,p)
= —Via(p,p) — Vaa(p,p)

1 x2m?2 + 2(1 — z)p?
- / dz | g% log ! ( n

x2m?
1-z m?c
4Ni d ' 33
+ l/o y(1—2x—2y+2xy+w2+y2)m§—2xu2 (33)

which is finite.
Next we calculate %(p). The self-energy is given by

—iS(p) =¥ (p) + —— (34)

where

— Y (p) = —b—(’\—b— + —h(’\—» . (35)

The primed self energy is

ooy [k iErptmy),  ooi i pmy) i
—iX (ﬂ) - / (27T)d [(975)W(975)m + (_Zg) (k} +p)2 o ﬂi? (_Zg) k2 — 2u2]

(—K — ﬂ+ﬂw)1 K+p+my) 1
k+p) k2 (k+p)?—m2k2—2u

(—%—;Hmf) (K +p+my) ]

(k;2—|—2mk-p+xp2—xm?c)2 (k2 + 2xk - p + xp? —xmf—Z(l—x)u )2

o [

- [ /

/ / [ (Arap-prmy) (f = ap + p+ my) ]
=[]

2m)® | (2 —22p? +ap? —am})? (02— 2?p? + ap? — xmG — 2(1 — x)p?)?

A% [(Q=2)p+my)  (L—2)p+my)
27T d L (62 - A1)2 (42 - A2)2

(36)
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where A = —z(1 —z)p? +xmfc and Ay = Ay +2(1 —z)p?. Evaluating the momentum integrals
we obtain

i) =~ s [ [ () - @-aprm (£) v

_ i /dx [M +mylog (ij) — (1 —z)plog <47TZ_2'7E 47TZ_1'YE )}
(37)
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Problem 12.3: Gross-Neveu model.

The Gross-Neveu model is a model in two spacetime dimensions of fermions with a discrete
chiral symmetry:

L = ;i + %92(1/31'1/%‘)2 (38)

with ¢ = 1,..., N. The kinetic term of tow-dimensional fermions is built form matrices v* that
satisfy the two-dimensional Dirac algebra. These matrices can be 2 x 2:

’70 = 0_2’ 71 = io—lv (39)
where o’ are the Pauli matrices. Define

7® =% =0 (40)




