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4 Interacting Fields and Feynman Diagrams

4.1 Creation of Klein-Gordon particles from a classical source v/

Recall from Chapter 2 that this process can be described by the Hamiltonian
H=to+ [ @25 (t%)6 %),

where Hy is the free Klein-Gordon Hamiltonian, ¢(x) is the Klein-Gordon field, and j(x) is a complex scalar function.
We found that, the system is in the vacuum state before the source is turned on the source will create a mean number of

particles
dp 1 -
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In this problem we will verify this statement, and extract more detailed information, by using a perturbation expansion
in the strength of the source.

a) Show that the probability that the source creates no particles is given by

P(0) = | {ex [i [ ditaron) } o
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Proof: The time evolution operator is given by

UC-T,T) =T {exp[—i / dTH,(T)}

and it tells us how the states of the system evolve in time. The ground state, |0), satisfies Hyp|0) = 0. Thus, the ground
state at time, T', is given by evolving the ground state at time —T to time T,

U(~T,T)|0).

To get the probability that the source produces no particles we project U(—T,T)|0) onto the ground state and square.
Taking the T" — oo limit the probability is

P(0) = o {ex [i [ ditaront) } 1o
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b) Evaluate the term in P(0) of order j2, and show that P(0) = 1 — X\ + O(j*), where X equals the expression above for
(N).

Proof: We start by expanding the time ordered exponential in P(0)
PO) = |1+z/d4 OT @@} 10+ 5 [ e [ a0 G@iesi@erw)} 0
s [t [aty [ a2 0 G Eowor o0 + 0G|

To simplify this further we need to evaluate the time order products of the source with the field. The terms that are odd
in j have an odd number of field operators. These are proportional to the expectation value of the time ordered product
of and odd number of field operators. Since the time ordered product is equal to the normal ordered product plus the
normal order of all contractions, the only terms which survive the expectation value are ones where the field operators are
all contracted. Thus, all odd terms vanish and
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Since p® > 0 there is only a simple pole at p° = E,, —ie. The small imaginary shift forces us to close in the lower plane
which gives an additional minus sign due to the direction of the contour
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c¢) Represent the term computed in part (b) as a Feynman diagram. Now represent the whole perturbation series for P(0)
in terms of Feynman diagrams. Show that this series exponentiates, so that it can be summed exactly: P(0) = exp(—\).



Proof: Due to the presence of the propagator in the the first order term of P(0) we represent A =—. This diagram has
two points and a direction in time. We can write the whole series as

—
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To get the series we must know the correct symmetry factor. In each term there are n propagators with 2n vertices.
There are n “in” (left) vertices and n “out” (right) vertices. Each in vertex must be paired with an out vertex; there are
227/2 = 9™ ways to do this. Additionally, the n in vertices can be interchanged in n! ways. This yields the symmetry
factor

Sp=2"-nl

Dividing by the symmetry factor for each term the series becomes

o
PO) = [1- —+ - — 4.
—

as required.
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d) Compute the probability that the source creates on e particle of momentum k. Preform this computation first to O(j)
and then to all orders, using the trick of part (c) to sum the series.

Proof: The amplitude for the production of one particle of momentum k is
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First we calculate this to O(j):
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The probability is the square of the amplitude

i
2Fy

P(ly) =

The probability that one particle of any momentum is created is obtained by integrating over all possible momentum

PQ) = / 2r) 2B

The amplitude to produce one particle is iv/A (I am ignoring the phase of 7). We denote the particle production by --».
The full series then becomes
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e) Show that the probability of production of n particles is given by

P(n) = %)\" exp(—A).

This is a Poisson distribution.

Proof: The amplitude for the production of nparticles with momentum k is
e {exp | [ ateiaronta] o,

The first non-zero term is n + 1" term of the time ordered exponential with n field operators. Only the fully contracted
term of the creation and annihilation operators survives to give

(iv3)".

In terms of Feynman diagrams the perturbative series reads

H H
Pn) = —|(--»)"x l-—+ - — +..
—

1
= —A"exp(=A).
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Note that we have included a factor of 1/n! to account for the n identical particles in the final state.



|
f) Prove the following facts about the Poisson distribution:
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The first identity says that the P(n)’s are properly normalized probabilities, while the second confirms our proposal for
(N). Compute the mean square fluctuations (N — (N))?).
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4.2 Decay of a scalar particle v/

Consider the following Lagrangian, involving two real scalar fields ® and ¢:
1 1 1 1
L= 5 (0,0)° = SM2®* + 2 (9,0)° — M — oo,

The last term is an interaction that allows a ® to decay into two ¢’s, provided that M > 2m. Assuming that this condition
is met, calculate the lifetime of the ® to lowest order in pu.

Poof: The Lagrangian can be cast into a more illuminating form

L = LY+LY— Line
L = %(8M<I>)2—%M2<I>2
Liw = —udeo.

The interaction Hamiltonian is therefore

H; = / Bz ®po.



The matrix element we wish to calculate is

T
(P1p2|iT|P) = lim : <o<p1p2|T <9Xp l—l/ dt Hy (t)
y
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To first order we have
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where only the term where all the external states are contracted contributes the the 7" matrix. Using these contractions
for a scalar field theory equation (4.94) of Peskin we have
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Plugging this into the decay rate formula and taking into account that there are two identical bosons in the final state
(divide by 2) we have
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4.3 Linear sigma model

The interaction so pions at low energy can be described by a phenomenological model called the linear sigma model.
Essentially, this model consists of N real scalar fields coupled by a ¢* interaction that is symmetric under rotations of the



N fields. More specifically, let ®*(z) i = 1,..., N be a set of N fields, governed by the Hamiltonian
1, . 1 -
H= /d% (2 ()" + 5 (V) +V (@2)> :

where ((Iﬂ)2 =& .®P, and

1 4 A N2
v(@?) = sm? (@) + 7 (()%)
is a function symmetric under rotations of ®. for (classical) field configurations of ®!(x) that are constant in space and

time, this term gives the only contribution to H; hence, V is the field potential energy.

(What does this Hamiltonian have to do with the strong interactions? There are tow types of light quarks, v and d. These
quarks have identical strong interactions, but different masses. If these quarks are massless, the Hamiltonian of the strong
interactions is invariant to unitary transformations of the 2-component object (u,d):

<§)—>exp(ia-a/2)<z>.

This transformation is called and isospin rotation. If, in addition, the strong interactions are described by a vector “gluon”
field (as is true in QCD), the strong interaction Hamiltonian is invariant to the isospin rotations done separately on the
left-handed and right-handed components of the quark fields. Thus, the complete symmetry of QCD with two massless
quarks is SU(2) x SU(2). It happens that SO(4), the group of rotations in 4 dimensions, is isomorphic to SU(2) x SU(2),
so N = 4, the linear sigma model has the same symmetry group as the strong interactions.)

a) Analyze the linear sigma model for m? > 0 by noticing that, for A\ = 0, the Hamiltonian given above is exactly N copies
of the Klein-Gordon Hamiltonian. We can then calculate scattering amplitudes as perturbation series in the parameter \.
Show that the propagator is

" (x)® (y) = 6" Dp(z —y),

where Dp is the standard Klein-Gordon propagator for mass m, and that there is one type of vertex given by

k l

= ~ 2NV R 4 5157k 4 stk §IlY,

i J
(That is, the vertex between two ®'s and two ®2s has the value (—2i)\); that between four ®'s has the value (—6i)).)
Compute, to leading order in A, the differential cross sections do/df), in the center-of-mass frame, for the scattering
processes

ole? - 3192, o'o! - 292, and 1P — OlP!

as functions of the center-of mass energy.

Proof: The Feynman rules for the invariant scattering amplitude come from the quantity

T
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In the linear sigma model the interaction Hamiltonian is
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So we have two different types of vertices; we will combine in to one at the end. To first order in A we have:

1. 4¢ — 4i. For this case the quantity of interest is

T
T—>h1(r11—‘ : <0<p1p2|T (eXp l—z/ dt Hy (t) ) |P>0>
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2. i — jj, jj — i and ij — ij. To vary the calculation up lets use momentum space rules instead of position space
rules: M is the sum of all amputated and fully connected diagrams. The interaction Hamiltonian which governs

such scattering processes is

AT @) @),

i j>i

The gives the vertex is given by —i% (2!) (2!) = —2iX where the 2!’s come from the number of ways to contract two
i external states with two i fields. The external legs contribute a factor of 1 and so invariant scattering amplitude is

M = =24\

Combining cases 1. and 2. we can write the amplitude as

= ~2UA(§Y 68 4 167% 4 giksaly,

Peskin has kindly provided the formula for the differential cross section for four particles with the same mass

do M2
dQ) oy 64m2EZ
We now compute the differential cross section for three different processes:

1. 12 = 12. Mia12 = —2i). In the center of mass frame Pinitial,1 = —Pinitial,2 = Fcm = 2m.

do =20 N2
dQ) oy 6472 (2m)> T 64m2m?2’

2. 11 — 22. M11_>22 = —2i\.

do\ | —20a2
dQ) oy 6472 (2m)?  64m2m?2’

3. 11 — 11. M11ﬁ11 = —6i\.

AN 2 S
d) oy 6472 (2m)* 1672m?
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b) Now consider the case m? < 0; m? = —p?. In this case, V has a local maximum, rather than a minimum, at ®* = 0.
Since V is a potential energy, this implies that the ground state of the theory is not near ®* = 0 but rather is obtained
by shifting ®* toward the minimum of V. By rotational invariance, we can consider this shift to be in the Nth direction.
Write, then,

where v is a constant chosen to minimize V. Show that, in these new coordinates (and substituting for v its expression in
terms of A and ), we have a theory of a massive o field and N — 1 massless pion fields, interaction through cubic and
quartic potential energy terms which all become small as A — 0. Construct the Feynman rules by assigning values to the

propagators and vertices:
g G == TR IR
i J
7, NS
i J i J

Proof:

Let us define ® = (..., (I)N)T , then V(®2) = 1m?® - & + 1)\ (® - ®)°. Replacing the mass term with a negative mass
term yields the potential

V(®?%) = f%,f@ P+ iA (®-®)°.

We can think about the ®!,...,®" as N perpendicular directions in some space. We need to find the minimum of this
potential. Setting the partial derivative with respect to ®* to zero we obtain

oV . .
. = |—pu®'+ (P -P)P* =0
0Pt Do, [ H + ( ) :Iq>min
12
— ((szn . (}mzn) - 7 = UQ
Or®! . = 0.

For N = 2, the potential looks like a sombrero hat and the solution ®’ = 0 is a saddle point. The minimum is displaced
from the origin by a distance v and is degenerate. This degeneracy can be traced back to the fact that the potential, V',
is invariant under SO(N) rotations (special orthogonal group). We can thus, pick any point of the minimum to expand
our fields. The book gives us the choice

®i(z) = 7w'(z), i=1,...,N—1,
N ()

v+ o(z) = % +o(a).



Let us define ® = (m, % + 0)7 where w = (7!,...,7¥~1). Expanding V in the new coordinates we obtain

V(®?)
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The mass term for the 7° disappears. The field o has mass v/2u. The massless pion fields have a quartic self-interaction.
The massive o field has both quartic and cubic self-interactions. The pion and sigma field interact through the cubic
(7 - ) o vertex and the quartic (7 - ) 0 vertex. The strength of the every interaction depends on the coupling constant
A and becomes small in the A — 0 limit.

The propagators are as follows:

e~ (z—y)
o(x)o(y) = Dr(x — y)lm= V2 = / 4p2 —2u2 + e
— 3 g dip e~ (@)
7 J — AW — _n=0Y T 5
7' (z)7(y) = 6" Dp (v — y)|m=0 = 0 /(2ﬂ)4 D2 + e
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To first lowest order in A, the vertices are as follows:

o= =i (2) Vb = —2iv/ A

> -

= —i (3) V= —6iv A

>< = —i(4l) 1 X = —6iA

i T= i (21) (21) 1A0Y = 2057

l

>< = =206V 6N 4 67 67F 4 gik 6T,

¢) Compute the scattering amplitude for the process

7w (p1)7 (p2) — 7" (ps)m (pa)

to leading order in A. There are four Feynman diagrams that contribute:

T A X

Show that, at threshold (p; = 0), these diagrams sum to zero. (Hint: It may be easiest to first consider the specific process
mirl — 7272, for which only the first and fourth diagrams are nonzero, before tackling the general case.) Show that, in
the special case N = 2 (1 species of pion), the term of O(p?) also cancels.

Proof:

In the diagrams above let the species index be i, j, k, [ starting from the top left and moving in an anti-clockwise motion:
i1
Jj ok

With these conventions the diagrams become:

. 1 - k
M = (=2i) Vs PR Yy (—2i) VAud’
5il5jk
= 4 2 21 -
P — 2u° + e



_ ; ij ; Kl
Mijom = (=20) VAus Jm (—2i) VAuo
5ij5kl
= AN
An p? — 2% +ie
\
_ 1 ,
i . — _2 ik _2 ]l
M k—jl ( Z) \/X/-MS pg — 2/142 T e ( Z) \/X/-MS
5ik§jl
= 4\
H p? — 2% + e
My = =237 + 5" 57% 4 57671
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d) Add to V' a symmetry-breaking term.
AV = —ad?,

where a is a (small) constant. (In QCD, a term of this form is produced if the u and d quarks have the same non-vanishing
mass.) Find the new value of vthat minimizes V', and work out the content of the theory about that point. Show that the
pion acquires a mass such that m2 ~ a, and show that the pion scattering amplitude at threshold is now non-vanishing
and also proportional to a.

Proof:
[ ]

12
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