
Phys 731: String Theory - Assignment 5 Andrzej Pokraka

1 Problem 1

a) Find the open string amplitude for one tachyon and two massless vectors. Show that it is non-vanishing even
without Chan-Paton degrees of freedom, and also give the form with Chan-Paton wavefunctions included.

b) Find a gauge invariant Lagrangian that produces such an amplitude.

1.1 Part (a)

The open string tachyon and massless vector states are given by

αµ
0 |0; k⟩ with m2

0 = −α′

eµα
µ
1 |0; k⟩ with m2

1 = 0

where the polarizations of the massless vector states satisfy e · k = 0. The vertex operators for the tachyon and two
massless vectors are, respectively,

V1 = go : e
ik1·X(y1,y1) :

V2 = −
igo√
2α′

e2µ : Ẋµeik2·X(y2,y2) :

V3 = −
igo√
2α′

e3µ : Ẋµeik3·X(y3,y3) :

where yi are the insertion points of the operators on the boundary.

For three particle scattering the S-matrix is

S (k1, k2, k3) =
∑

compact

topologies

∫

[dX dg]

Vdiff×Weyl
exp (−SX − λχ)

3
∏

i=1

∫

d2σi

√

g(σi)Vi (ki,σi)

−→
at tree level

−
g3o
2α′

e−λJacobian(g)
〈

⋆
⋆e

ik1·X1⋆
⋆
⋆
⋆e2 · Ẋ2e

ik2·X2⋆
⋆
⋆
⋆e3 · Ẋ3e

ik3·X3⋆
⋆

〉

+ (y2 ↔ y3)

where Xi = X(yi, yi). Only the fully contracted terms in of the OPE for ⋆
⋆e

ik1·X1⋆
⋆
⋆
⋆e2 · Ẋ2eik2·X2⋆

⋆
⋆
⋆e3 · Ẋ3eik3·X3⋆

⋆

survive the expectation value. Therefore, the relevant terms in the OPE are

⋆
⋆e

ik1·X1⋆
⋆
⋆
⋆e2 · Ẋ2e

ik2·X2⋆
⋆
⋆
⋆e3 · Ẋ3e

ik3·X3⋆
⋆ ∼ 2α′

[

2α′

(

(k3 · e2) (k1 · e3)
y23y13

+
(k3 · e2) (k2 · e3)

y223
−

(k1 · e2) (k1 · e3)
y12y13

−
(k1 · e2) (k2 · e3)

y12y23

)

−
(e2 · e3)
y223

]

+ y2α
′k1·k2

12 y2α
′k1·k2

13 y2α
′k2·k3

23

(see Appendix for the details). Simplify using momentum conservation k1 + k2 + k3 = 0 and ei · ki = 0, we obtain

⋆
⋆e

ik1·X1⋆
⋆
⋆
⋆e2 · Ẋ2e

ik2·X2⋆
⋆
⋆
⋆e3 · Ẋ3e

ik3·X3⋆
⋆ ∼

2α′

y223
[2α′ (k3 · e2) (k2 · e3)− (e2 · e3)]

|y23|
|y12||y13|

.

The other cyclic ordering yield the same result. Therefore, the scattering amplitude is

2 (2π)D δD
(

∑

k
)

(igo [(e2 · e3)− 2α′ (k3 · e2) (k2 · e3)])
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where we have used

e−λ =
i

α′g2o
Jacobian(g) = |y12y13y23| .

To include the Chan-Paton factor we multiply by 1
2Tr [λa {λb,λc}]

(2π)D δD
(

∑

k
)

(igo [(e2 · e3)− 2α′ (k3 · e2) (k2 · e3)])Tr [λa {λb,λc}] .

1.2 Part (b)

The trace part looks like the trace over non-Abelian group generators. Since the tachyon is a scalar, we guess that
the Lagrangian should be a scalar field coupled to a non-abelian gauge field

L = −
1

4
F 2 −

1

2

(

(Dµφ)
2 −

1

α′
φ2

)

+ Tr

[

−
1

4
F 2 −

1

2

(

(Dµφ
a)2 −

1

α′
φ2

)

+ goF
a
µνF

bµνφcλaλbλc

]

= −
1

4
F 2 −

1

2

(

(Dµφ)
2 −

1

α′
φ2

)

+ goF
a
µνF

bµνφcTr
[

λaλbλc
]

where φ has a gauge index. Here

−
1

4
F 2 gauge boson kinetic term,

−
1

2
(Dµφ)

2 tachyon kinetic and 4pt. interaction,

1

2α′
φ2 tachyon mass term

(

mtachyon = −
1

α′

)

,

goF
2 3pt. interaction term needed to get A−A− φ scattering.

We need to calculate the 3pt interaction term to get the A−A− φ vertex

goφ
aF b

µνF
cµνTr

[

λaλbλc
]

=
go
2
φaF b

µνF
cµνTr

[

λa
{

λb,λc
}]

=
go
2
φa
(

∂µA
b
ν − ∂νA

b
µ + gof

bdeAd
µA

e
ν

) (

∂µAcν − ∂νAcµ + gof
cfgAfµAgν

)

Tr
[

λa
{

λb,λc
}]

= goφ
a
[

∂µA
b
ν∂

µAcν − ∂µA
b
ν∂

νAcµ +
go
2

(

f cde∂µA
b
ν + f bde∂µA

c
ν

)

AdµAeν

−
go
2

(

f cde∂νA
b
µ − f bde∂νA

c
µ

)

AdµAeν +
g2o
2
f bdef cfgAd

µA
e
νA

fµAgν

]

Tr
[

λa
{

λb,λc
}]

.

From the above equation we can read off the A−A− φ vertex

−2igo (− (k2 · k3) (e2 · e3) + (k2 · e3) (e2 · k3))Tr
[

λa
{

λb,λc
}]

where all momentum are incoming and the factor of 2 comes from permuting the legs of the diagram. For on-shell
scattering,

k1 = −k2 − k3

−k21 = −2k2 · k3 = −
1

α′

and the amplitude becomes
igo
α′

((e2 · e3)− 2 (k2 · e3) (e2 · k3))Tr
[

λa
{

λb,λc
}]

which matches the earlier result.
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1.3 Appendix for 1(a)

• We need to calculate the full OPE for ⋆
⋆e

ik1·X1⋆
⋆
⋆
⋆e2 · Ẋ2eik2·X2⋆

⋆. In general, the normal ordered product of
two operators is

: F :: G := exp

(
∫

d2z d2ωG (z, z̄;ωω̄)
δ

δXµ
F (z, z̄)

δ

δXGµ (ω, ω̄)

)

: FG :

where

Gopen (z, z̄;ω, ω̄) = −
α′

2
ln |z − ω|2 −

α′

2
ln |z − ω̄|2 ,

Gclosed (z, z̄;ω, ω̄) = −
α′

2
ln |z − ω|2 .

Thus,

: eikz·X(z,z̄) :: ∂ωX
µ (ω, ω̄) eikω ·X(ω,ω̄) :

=: exp

(
∫

d2z1 d
2ω1 G (z1, z̄1;ω1, ω̄1)

δ

δXµ
F (z1, z̄1)

δ

δXGµ (ω1, ω̄1)

)

eikz ·XF (z,z̄)∂ωX
µ
G (ω, ω̄) eikω ·XG(ω,ω̄) :

=:
∞
∑

n=0

1

n!

∫

d2z1 . . . d
2zn d

2ω1 . . . d
2ωn G (z1, z̄1;ω1, ω̄1) · · ·G (zn, z̄n;ωn, ω̄n)

×

[(

n
∏

i=1

δ

δXFµi (zi, z̄i)

)

eikω ·XF (z,z̄)

] [(

n
∏

i=1

δ

δXGµi (ωi, ω̄i)

)

∂ωX
µ
G (ω, ω̄) eikω ·XG(ω,ω̄)

]

:

= ikµz

(

∞
∑

n=1

n

n!
Gn−1 (z, z̄;ω, ω̄) (−kz · kω)n−1

)

∂ωG (z, z̄;ω, ω̄) : eikz ·X(z,z̄)eikω ·X(ω,ω̄) :

+

(

∞
∑

n=0

(−kz · kω)n Gn (z, z̄;ω, ω̄)

n!

)

: ∂ωX
µ
G (ω, ω̄) eikz ·X(z,z̄)eikω·X(ω,ω̄) :

= ikµz exp (−kz · kωG (z, z̄;ω, ω̄)) ∂ωG (z, z̄;ω, ω̄) : eikz ·X(z,z̄)eikω ·X(ω,ω̄) :

+ exp (−kz · kωG (z, z̄;ω, ω̄)) : ∂ωX
µ
G (ω, ω̄) eikz ·X(z,z̄)eikω ·X(ω,ω̄) :

where we have used the result
(

n
∏

i=1

δ

δXGµi (ωi, ω̄i)

)

∂ωX
µ
G (ω, ω̄) eikω ·XG(ω,ω̄)

=

(

n
∏

i=1

ikωµiδ (ωi − ω, ω̄i − ω̄)

)

∂ωX
µ
G (ω, ω̄) eikω ·XG(ω,ω̄)

+
n
∑

i=1

ηµµj
∂ωδ (ωi − ω, ω̄i − ω̄)

⎛

⎝

n
∏

j ̸=1

ikωµiδ (ωj − ω, ω̄j − ω̄)

⎞

⎠ eikω ·XG(ω,ω̄).

• Specifically, we obtain

⋆
⋆e

ik1·X(y1,y1)⋆
⋆
⋆
⋆∂y2

Xµ (y2, y2) e
ik2·X(y2,y2)⋆

⋆ = 2iα′ (k1 · e2)
y12

y2α
′k1·k2

12
⋆
⋆e

ik1·X1eik2·X2⋆
⋆ + y2α

′k1·k2

12
⋆
⋆e2 · Ẋ2e

ik1·X1eik2·X2⋆
⋆

• The OPE for the full operator is

⋆
⋆e

ik1·X1⋆
⋆
⋆
⋆e2 · Ẋ2e

ik2·X2⋆
⋆
⋆
⋆e3 · Ẋ3e

ik3·X3⋆
⋆ = 2iα′ (k1 · e2)

y12
y2α

′k1·k2

12
⋆
⋆e

ik1·X1eik2·X2⋆
⋆
⋆
⋆e3 · Ẋ3e

ik3·X3⋆
⋆

+ y2α
′k1·k2

12
⋆
⋆e2 · Ẋ2e

ik1·X1eik2·X2⋆
⋆
⋆
⋆e3 · Ẋ3e

ik3·X3⋆
⋆.
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– We need to OPE’s for

O1 = ⋆
⋆e

ik1·X1eik2·X2⋆
⋆
⋆
⋆e3 · Ẋ3e

ik3·X3⋆
⋆

O2 = ⋆
⋆e2 · Ẋ2e

ik1·X1eik2·X2⋆
⋆
⋆
⋆e3 · Ẋ3e

ik3·X3⋆
⋆.

At this point we can drop all terms that are not fully contracted. This will make the calculation of the
above OPE’s much easier.

– The OPE for O1:

O1 = ⋆
⋆e

ik1·X1eik2·X2e3 · Ẋ3e
ik3·X3⋆

⋆ +
⋆
⋆

∑

CC

[

eik1·X1eik2·X2 , e3 · Ẋ3e
ik3·X3

]

CC

⋆
⋆

∼ ⋆
⋆

∞
∑

m,n,l=0

1

m!n!l!

∑

CC

[

(ik1 ·X1)
m (ik2 ·X2)

n ,
(

e3 · Ẋ3

)

(ik3 ·X3)
l
]

CC

⋆
⋆

where
∑

CC [A,B]CC is the sum over all cross-contractions of A and B and ∼ means equivalent up to
terms that are normal ordered. Keeping only fully contracted terms we obtain

O1 ∼
[

(ik1 ·X1) ,
(

e3 · Ẋ3

)]

CC

∞
∑

m=1

∞
∑

n=0

1

(m− 1)!n!
[(ik1 ·X1) , (ik3 ·X3)]

m−1
CC [(ik2 ·X2) , (ik3 ·X3)]

n
CC

+
[

(ik2 ·X2) ,
(

e3 · Ẋ3

)]

CC

∞
∑

n=1

∞
∑

m=0

1

(n− 1)!m!
[(ik1 ·X1) , (ik3 ·X3)]

m
CC [(ik2 ·X2) , (ik3 ·X3)]

n−1
CC

=
([

(ik1 ·X1) ,
(

e3 · Ẋ3

)]

CC
+
[

(ik2 ·X2) ,
(

e3 · Ẋ3

)]

CC

)

e[(ik1·X1),(ik3·X3)]CC e[(ik2·X2),(ik3·X3)]CC

=

(

−2iα′ (k1 · e3)
∂ ln (y1 − y3)

∂y3
− 2iα′ (k2 · e3)

∂ ln (y2 − y3)

∂y3

)

e2α
′k1·k3 ln(y1−y3)e2α

′k2·k3 ln(y2−y3)

=

(

2iα′ (k1 · e3)
y13

+ 2iα′ (k2 · e3)
y23

)

y2α
′k1·k3

13 y2α
′k2·k3

23 .
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– The OPE for O2:

O2 = ⋆
⋆e2 · Ẋ2e

ik1·X1eik2·X2e3 · Ẋ3e
ik3·X3⋆

⋆ +
⋆
⋆

∑

CC

[

e2 · Ẋ2e
ik1·X1eik2·X2 , e · Ẋ3e

ik3·X3

]

CC

⋆
⋆

∼ ⋆
⋆

∞
∑

m,n,l=0

1

m!n!l!

∑

CC

[(

e2 · Ẋ2

)

(ik1 ·X1)
m (ik2 ·X2)

n ,
(

e · Ẋ3

)

(ik3 ·X3)
l
]

CC

⋆
⋆

∼
[(

e2 · Ẋ2

)

,
(

e · Ẋ3

)]

CC

∞
∑

m,n=0

1

m!n!
[(ik1 ·X1) , (ik3 ·X3)]

m
CC [(ik2 ·X2) , (ik3 ·X3)]

n
CC

+
∞
∑

m=1,n=0

1

(m− 1)!n!
[(ik1 ·X1) , (ik3 ·X3)]

m−1
CC [(ik2 ·X2) , (ik3 ·X3)]

n
CC

×
[(

e2 · Ẋ2

)

, (ik3 ·X3)
]

CC

[(

e3 · Ẋ3

)

, (ik1 ·X1)
]

CC

+
∞
∑

m=0,n=1

1

m! (n− 1)!
[(ik1 ·X1) , (ik3 ·X3)]

m
CC [(ik2 ·X2) , (ik3 ·X3)]

n−1
CC

×
[(

e2 · Ẋ2

)

, (ik3 ·X3)
]

CC

[(

e3 · Ẋ3

)

, (ik2 ·X2)
]

CC

=
([(

e2 · Ẋ2

)

,
(

e3 · Ẋ3

)]

CC
+
[(

e2 · Ẋ2

)

, (ik3 ·X3)
]

CC

[(

e3 · Ẋ3

)

, (ik1 ·X1)
]

CC

+
[(

e2 · Ẋ2

)

, (ik3 ·X3)
]

CC

[(

e3 · Ẋ3

)

, (ik2 ·X2)
]

CC

)

e[(ik1·X1),(ik3·X3)]CC e[(ik2·X2),(ik3·X3)]CC

=

(

−2α′ (e2 · e3)
y223

+ (2α′)
2 (k3 · e2) (k1 · e3)

y23y13
+ (2α′)

2 (k3 · e2) (k2 · e3)
y223

)

y2α
′k1·k2

13 y2α
′k2·k3

23

• Now we can write the full OPE

⋆
⋆e

ik1·X1⋆
⋆
⋆
⋆e2 · Ẋ2e

ik2·X2⋆
⋆
⋆
⋆e3 · Ẋ3e

ik3·X3⋆
⋆ ∼ 2α′

[

2α′

(

(k3 · e2) (k1 · e3)
y23y13

+
(k3 · e2) (k2 · e3)

y223
−

(k1 · e2) (k1 · e3)
y12y13

−
(k1 · e2) (k2 · e3)

y12y23

)

−
(e2 · e3)
y223

]

+ y2α
′k1·k2

12 y2α
′k1·k2

13 y2α
′k2·k3

23
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