Phys 731: String Theory - Assignment 5 Andrzej Pokraka

1 Problem 1

a) Find the open string amplitude for one tachyon and two massless vectors. Show that it is non-vanishing even
without Chan-Paton degrees of freedom, and also give the form with Chan-Paton wavefunctions included.

b) Find a gauge invariant Lagrangian that produces such an amplitude.

1.1 Part (a)

The open string tachyon and massless vector states are given by

ab |0;k) with  md = —a/

e,0f'|0;k) with  mi=0
where the polarizations of the massless vector states satisty e-k = 0. The vertex operators for the tachyon and two
massless vectors are, respectively,

Vi=g,: etk X (y1,91) .

_ g ik X ( ).
Vo = ————¢ S(Hez 2-X(Y2,92) .
? V2a! 2w

V3 = — 9o . XhetksX(ys,ys) .

—F=—€3
V2a! "
where y; are the insertion points of the operators on the boundary.

For three particle scattering the S-matrix is

3
S(kl,kg,k3) = Z / dX dg exp (—SX —)\X)H/dZO'i \ g(UZ‘)Vi (ki,Ui)
i=1

compact leﬁ X Weyl

topologies

3
90 — . iky - Y ik ik
— 22 ¢~ Jacobian(g) (fetr X1 e, . Xyt Xatkes . Xgeiha Xax
at tree level  2a/

+ (y2 < y3)

where X; = X (y;,y;). Only the fully contracted terms in of the OPE for xetkiXixxe, . Xgeikz'XQIIeg . Xgeik?"xf“:
survive the expectation value. Therefore, the relevant terms in the OPE are

k3 . 62) (kl . 63) + (kg '62) (kg . 63) _ (kl . 62) (kl . 63)

* zkl Xl**e2 X elkz XQ**eg X361k3-X3: ~ 20/ |:2a/ ((

Y23Y13 y%g Y12Y13
(k- e2) (ko ~63)> (e -263)] 42 bk 20k ks, 20k ks
Y12Y23 Y23

(see Appendix for the details). Simplify using momentum conservation k1 + k2 + k3 = 0 and ¢; - k; = 0, we obtain

:ezk1'X1::e2 . X2ezk2'X2::eg . Xgezks'X?,: ~ % [20/ (kg . 62) (k2 . 63) _ (62 . 63)] |y23| )
Y23 [y12|y13]

The other cyclic ordering yield the same result. Therefore, the scattering amplitude is

2(2m)" 6 (30K) (igo (e2 - e3) — 20 (ks - 2) (ks - e3)])
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where we have used

_ 7
eA: ! 42
a'gs

Jacobian(g) = |y12y13y23| .
To include the Chan-Paton factor we multiply by 2Tr [Aq {As, Ac}]

(2m)P 67 (Z k) (igo [(e2 - €3) — 20" (k3 - ) (k2 - €3)]) Tr [Aa {0, A}

1.2 Part (b)

The trace part looks like the trace over non-Abelian group generators. Since the tachyon is a scalar, we guess that
the Lagrangian should be a scalar field coupled to a non-abelian gauge field

—_1 2_l 2_i2 _l 2_l a2_i2 a pbuv gcyaybye

L= 4F > ((Du¢) O/¢ ) —I—Tr[ 4F 5 (Duo®) O/(b —i—goFWF PN
1 1 1 a v ic a c
=13 <(D,u¢)2 - ng“‘) + g Fl, PO ¢°Tr [A*X°X°]

where ¢ has a gauge index. Here

1
—ZFQ gauge boson kinetic term,

1
2

(DMQS)2 tachyon kinetic and 4pt. interaction,
1
@qg tachyon mass term (mtachyon = _J) ,
goF? 3pt. interaction term needed to get A — A — ¢ scattering.
We need to calculate the 3pt interaction term to get the A — A — ¢ vertex
a b cuv aybyc Yo a b cuv a b ¢
9" F,, B Tr[)\ A )\} :§¢ F, F" Tr[)\ {)\ A }]
9o a e e cv v AcC, c v a c
=50 (0, AL — 0, AL + go fPI AL AS) (OF A — 0V A + go fTIATHAT) Ty A {A°, A} ]
= go" [aMAZ;aHACV — 0, ALY A + % (Fer0, AL + [P0, AT) A A
2
Yo cde b bde c d, ev 9o rbde gc d pe v a b yc
=5 (F 0, AL = [P0, AL ) ATA 4 2 e f 19 AT Ag AT A9 | T [A* {A°, X°}] .
From the above equation we can read off the A — A — ¢ vertex
—2igo (— (ko - k3) (e2 - e3) + (k2 - €3) (e2 - k3)) Tr [A" { A, A°}]

where all momentum are incoming and the factor of 2 comes from permuting the legs of the diagram. For on-shell
scattering,

ki = ko2 — ks

/

1
—k? = —2ky k3 = ——
«
and the amplitude becomes _
o 2 (k ks)) Tr [A* {A, \°
— ((e2-es) =2 (ka2 - e3) (e2 - k3)) (A {A% X} ]

which matches the earlier result.
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1.3 Appendix for 1(a)

e We need to calculate the full OPE for *e*1'X1**e, . Xpe? 2 X2* ' In general, the normal ordered product of
two operators is

1) 0
F o G:= A’z d’w G (2, z; W FG
G :=exp (/ z2d*wG (z,Z;w@) SXT(2,3) 5Xan (w,w)) g
where
! !
Gopen (7, Z;w, @) = —% In|z —w|® — % In|z — o,
!
CVYcloscd (272;w7w) = —% In |Z — w|2 .
Thus,
zk ‘X (2,2) . Oy XM (w W) ik X (w,@) .
) 1)

L exp (/d221 d2w1 G(Zl,fl;wl,(ﬁl) ) ik XF (2, Z)(? Xg( ) ke Xg(w, w)

5X"% (21,21) 0X g (wi,@1)

=1
. E —'/dzzl APz Py . dPwn G (21, 21 w1,@1) - G (20 Zn Wiy @)
n!
n=0

[(HW)a Xﬂ( w)e ik Xg (w,@)

= ikt E'G"_1 (2, z;w,0) (k. kw)n_1> 0,G (2, 2w, @) : eh=X(2:7) gike X(w.@)
n.
n=1
= (_kz kw)nGn(Zaé;wvw) ik, X (2,2) ko, X (w,@
+<Z - D Xf (w,@) e't= X Bt X(02)
n=0

=ikl exp (_kz kG (27 Zw, @)) 9,G (2,7 E;ij) . ptk= X (2,2) gike - X (w,@) .
+ exp (—k. - koG (2, Z,w0,0)) : 0,X§ (w, @) eth= X (2,2) gtk X (w,0)

where we have used the result

ik Xg(w,)
(H o wl)>a XG (@,0)e

- (Hlkwuﬁ( @ — ))3 XU (w,@) e ik Xg (w,0)

i=1
—I—Zn“ 0w (w; — w,w; — ) Hikwmé(wj —w,@j — @) | et Xowd)
J#1
e Specifically, we obtain

. . . k1 -eo
:ezkyX(yhyl)::aszu (y27 y2) elk}z’X(yz,yz): _ 21(1/( )y2a k1- kg* zkl Xlezkg Xg* + 20 kq-kox

ik1- X1 jiko - Xo*
” Yis *eg - X2el 1gth2 2*

e The OPE for the full operator is

% _iky X1 %k ko X x iks X3 (k1 €2) a0tk kax iky X ike: Xk > iks X3
retr i ey - X28 227 es - X3€ 38T = A« y Yio e et A2 es - Xae ST
12

+ 2a kq- kg*e2 X ezkl ‘X1 lk}z Xz** ikg- X3*

%€3 - X3€
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— We need to OPE’s for
ok itk X1tk - Xoxx - ik3-X3x
01 =7e e Tres - Xse X
* vtk X1 ko Xoxk - ik3-X3x
OQZ*GQ'XQG AL etz 2**63'X36 3 3*.

At this point we can drop all terms that are not fully contracted. This will make the calculation of the
above OPE’s much easier.

— The OPE for O;:

O = *eikrXgika Xag | X pika Xax | Z eih X1 gike X o, X361k3-X3} *

cc cc

& 1 : m . N a.

T Z ! Z [(Zkl - X1)" (ke - X2)" (63 . X3) (iks - X3) } *
m,n,l=0 minli! cc cc

where Y~ [4, B] ¢ is the sum over all cross-contractions of A and B and ~ means equivalent up to
terms that are normal ordered. Keeping only fully contracted terms we obtain

O1 ~ [(ikl - X1), (63 'X3)}cc Z m [(iky - X1), (iks - X3)|gig [(ika - Xa) , (iks - X3)|g
m=1n=0
[(ikz - Xa), (63 'X3)}CC > m [(iky - X1), (i - Xa)] G [(ikz - Xa) , ik - X3)]ger
n=1m=0 T

_l’_
( ) pl(ik1-X1),(iks-X3)] c o pl(ik2-X2), (ik3-X3)] o
cc
N <_2ia/ (k1 -e3) 781n (1 = ys) — 2i0/ (ko - e3) Oty — y3)> 20 k1-k3 In(y1—ys) g20"k> k3 In(y2—ys)
0ys3
( oy k2 €3) 63)) Yy b ey ge haks,
Y13 Y23
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— The OPE for Os:

(92 — 162 . X2elk}1'X1 elk}g'Xge?) . XSeZkg'Xgi +: E |:€2 . X2elk}1'X1 elk}g'X27e . X3e7,k}3'X3j| :

oo cc
N ;mg_o ﬁ ; [(e2- %2 ) (k1 - X0)™ (ks - Xo)", (- Xa) (iks - X)']

~ (e %2) ., (e Xg)}cc i % [(ik1 - X1) , (ks - X3)]fae, [(ika - Xa) , (iks - X3)]le

)

[l )t ] (o) 0

+ Z m [(’Lkl . Xl) 5 (Zk3 . X3)]gc [(lkg . XQ) (’Lkg Xg)]gcl

m=0,n=1
(o) k] [(es5) 8]
= ([(e2 %) (0 X5) ]+ (e 22) ik X0)] [ (e Xa) 00 X0
+|:(€2'X2),(ik3'X3)} [(63 ) (iks - } )e(zkl~X1),(zk3-X3)]Cce[(ik2-X2),(z‘k3-X3)]CC
cc

_ <_20/(62263) (a2 a2 (kroes) g iz (s 62)2( 2 63)) 20 by 20 ks ks
Ya3 Y23Y13 Ya3

e Now we can write the full OPE

(k3 - e2) (k1 - e3) N (k3 - e2) (k2 -e3)  (ki-e2)(k1-es)

:ezkl»X1::e2 . X2ezk2.X2::€3 .Xgelkg'x;g: ~ 20/ |:20/ (

Y23Y13 Yss Y12Y13
(k- e2) (ko - 63)) (e 563)} 42 ke 20Kk 20k
Y12Y23 Yas
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