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The effects of intercluster coupling strength (uJFAu) on the ordering behavior of the site-frustrated
Heisenberg model have been investigated. We find that following a weak initial increase, the lower
temperature transition is driven toT50 for uJFAu!;5.0(5), while the upper transition temperature
appears to increase without limit. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1676111#

A simple, site-frustrated model of a magnetic system
with competing interactions can be constructed by randomly
decorating a lattice with ferromagnetic (F) and antiferro-
magnetic (A) sites to create aF12xAx solid solution. The
sites are then coupled by nearest-neighbor exchange bonds
of the formJFF52JAA52JFA511. This model was origi-
nally introduced to study tetracritical points in binary mag-
netic alloys1 and is directly relevant to the magnetic behavior
of alloys containing two magnetic species, such asa
2Fe12xMnxGy ~Ref. 2!, where G is a mixture of glass-
forming metalloids. Four clear results have emerged from a
detailed Monte-Carlo study of the three-dimensional~3D!
site-frustrated Heisenberg model on cubic lattices:3 ~i! The
sign of JFA is irrelevant. A model withJFA511 can be
mapped onto one withJFA521 by a series of gauge trans-
formations.~ii ! The system forms clusters ofF andA sites,
and all of the frustration resides on the interfaces between
these clusters.~iii ! As long as the concentration ofF ~or A)
sites exceeds the relevant percolation threshold, ferromag-
netic ~or antiferromagnetic! order develops in theF ~or A)
percolating cluster through a conventional phase transition.
~iv! Despite significant levels of frustration, the phase dia-
gram ~upper panel of Fig. 1! showsonly ferromagnetic and
antiferromagnetic ordering, ruling out the possibility of a
conventional spin-glass phase. Ordering in this model there-
fore consists of largely independentF andA clusters coupled
at their boundaries by theJFA bonds. As onlyJFA is expected
to alter the phase diagram in a nontrivial fashion, we exam-
ine here the effects of varyingJFA from zero to values large
enough to establish asymptotic behavior.

It is useful to first consider two simple limiting cases.
SettingJFA50 decouples theF andA clusters entirely and
the system breaks down into independent clusters of spins.
As the lower panel of Fig. 1 shows, decoupling the two types
of sites has very little impact:TC and TN are reduced
slightly, but the overall form of the phase diagram is
unchanged.4 The only feature that is lost when the limited
frustration caused byJFAÞ0 is eliminated, is the mutually
perpendicular ordering of the ferromagnetic and antiferro-
magnetic clusters.3 The similarities between the phase dia-

grams withJFA50 anduJFAu51 ~Fig. 1! serve to emphasize
the limited impact of frustration in site-frustrated models.
Indeed, it is apparent in Fig. 1 that adding frustration actually
leads to anincreasein both TC andTN .

A second case is obtained by settingJFF52JAA50 and
uJFAu51 in order to access the limitJFA /JFF,AA→`. Here,
only the F and A sites defining the cluster surfaces are
coupled. When either or both of theF andA sites percolate,
they form regular D-dimensional volumes with
D21-dimensional lattice-spanning surfaces of coupled sites,
which could, in principle, order. However, finite-temperature
ordering is only possible above a lower critical dimensionDl

which, for Heisenberg spins5 is 2. Thus, for our simplified
3D model with onlyJFAÞ0, the 2D cluster surface orders at
T50. Taking this model withJFF52JAA50 as a guide to
the behavior at largeuJFAu ~with JFF52JAA511), we are
led to expect that the initial increase inTC andTN with uJFAu
eventually ceases, and that both transitions ultimately occur
only at zero temperature. This simplified model neglects the
role of JFF,AA , and as we shall see below, these interactions
preserve one of the finite-temperature transitions.
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FIG. 1. Phase diagram for site frustrated models withJFA51 ~top! and
uJFAu50 ~bottom! for a bcc lattice. Note that bothTC andTN increase when
uJFAu51 as compared toJFA50, despite frustration.

JOURNAL OF APPLIED PHYSICS VOLUME 95, NUMBER 11 1 JUNE 2004

69800021-8979/2004/95(11)/6980/3/$22.00 © 2004 American Institute of Physics

Downloaded 08 Jun 2004 to 132.206.9.182. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp

http://dx.doi.org/10.1063/1.1676111


To determineTC andTN , we use a Monte-Carlo method
employing simple Metropolis dynamics. Detailed finite-size-
scaling analysis allows extrapolation to the thermodynamic
limit ~details can be found elsewhere3!. For the work pre-
sented here, we have chosen a concentrationx50.4, where
TN;0.5TC . We use a bcc lattice containingN52L3 spins
with several system sizesL54,6,8,10, and 12, which appear
to be very close to the limit of asymptotic scaling (Lmin

;6–8). Typical scaling plots in the vicinity ofTC , including
unscaled data presented as insets, are shown in Fig. 2 for the
magnetizationM f , susceptibilityx f , as well as the Binder
cumulantU f

4 . For the scaled data we have used exponents
from the 3D Heisenberg universality class:6–8 b50.364, g
51.386, andn50.705. The values ofTC andTN found us-
ing the extrema of several thermodynamic quantities,3 are
used to construct the plot ofTC,N vs uJFAu, shown in Fig. 3.
Clearly, the lower temperature transition (TN for x,0.5)
vanishes foruJFAu.5.0(5), while for all uJFAu the upper
temperature transition (TC for x,0.5) is found to increase
indefinitely and approximately linearly, beyond the point
whereTN is observed to collapse. This linear increase simply
reflects the linear dependence of the available exchange en-
ergy while increasingJFA .

Our finding thatTN vanishes foruJFAu.5.0(5) is sup-
ported by:~i! a lack of a finite-temperature peak in the stag-
gered susceptibility which increases withL; ~ii ! a lack of a
crossing of the Binder cumulant which remains at the high
temperature limit49, except nearT50; and~iii ! a scaling of
the staggered magnetizationM st, which is found to scale, at
both high and lowT, as

M st~T,L !}L23/2M~T!. ~1!

The third observation is most significant, as Eq.~1! implies
that in the thermodynamic limitM st50, this normally de-
scribes the behavior well above any ordering temperature. If
finite T ordering occurred,M st could not possibly scale ac-

cording to Eq.~1!. Explicitly, for JFA5210, we find that
M st}L2a with a51.503(3) atT515TH , anda51.45(10)
at T50.1TH . Together, these observations strongly suggest
that for uJFAu.5.0(5), theantiferromagnetic transition no
longer occurs at any finite temperature.

To understand the initial rise and subsequent collapse of
TN with increasinguJFAu, we turn to a simpler site-frustrated
model for which exact ground states can be identified: Ising
spins on 2D square nets. To determine the ground state,
plaquettes~the smallest closed loop of connected spins!
which are frustrated~only those plaquettes which contain
two neighboringA sites and two neighboringF sites are
frustrated in this model! are joined together with a line called
a dual string. Bonds traversed by the dual string are unsatis-
fied while all remaining bonds are satisfied. For symmetric
couplings (uJu51), the ground state is that configuration
which minimizes the total length of dual strings.9 When the
couplings are asymmetric (uJFAuÞ1), the contribution to the
total length of the dual string by each element is weighted
according to the magnitude of the bonds traversed: A dual
string traversing oneuJu53 bond is energetically equivalent
to a dual string traversing threeuJu51 bonds.

The model withJFA50 is equivalent to the model with
uJFAu51 @Fig. 4~a!#, provided that~i! the dual strings are
confined to the surfaces ofF/A clusters and~ii ! the total
length of the dual strings encircling a cluster is exactly half
of the cluster perimeter. With both of these criteria satisfied,
a cluster ofF or A sites can be flipped with no energy cost,
as in the case whereJFA50. In general, this perfect cancel-
lation does not take place, and finite clusters ofA or F sites
embedded within a percolating cluster ofF or A sites will
couple rigidly to the surrounding cluster@Fig. 4~b!#. This
rigid coupling of an embedded cluster to the percolating
cluster will effectively increase the total number of con-
nected spins within the percolating cluster, as compared to
the case withJFA50. This is equivalent to an increase in
available exchange energy, and so bothTC and TN initially
increase withuJFAu. However, whenuJFAu increases beyond

FIG. 2. Scaling plots of the magnetization~top!, susceptibility~middle!, and
Binder cumulant~bottom!, for JFA52 using 3D Heisenberg exponents.

FIG. 3. TC and TN vs uJFAu (JFF52JAA511) for bcc lattice withx
50.4.
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1, the optimal dual strings begin to migrate away from the
cluster interfaces in order to avoid traversing the largerJFA

bonds, as depicted in Fig. 4~c!. The linking of frustrated
plaquettes now involves longer dual strings, which alters the
effective volume of rigidly connected spins within a perco-
lating cluster@compare Figs. 4~a! and 4~c!#. As uJFAu contin-
ues to increase, dual strings will eventually traverse the vol-
ume a percolating cluster, as depicted in Fig. 4~d!, breaking
the JFA50 ground-state order into domains. This fragmen-
tation causes the percolating cluster to exhibit an order pa-
rameterM f ,st, which scales according to Eq.~1! at T50.
The critical value ofuJFAu!, where the transition temperature
vanishes, corresponds to the value ofuJFAu, where the effec-
tive volume of the ordered cluster becomes zero. Domain
formation, driven by dual strings passing through the volume
of the otherwise (JFA50)-ordered percolating cluster,
causes the transition temperature to vanish at largeuJFAu.
Indeed, 2D site-frustrated models with Ising spins show that
with uJFAu51 the value ofxc where TC vanishes is in-
creased, compared to the value ofxc whenJFA50.10

Domain formation might be expected to cause the upper

transition (TC here! to decline as well. To explain the con-
tinued increase we note that for 3D models in the regime
xc,x,12xc , the 2D lattice-spanning surface of the perco-
lating F cluster is defined by the 2D lattice-spanning surface
of the percolatingA cluster. Since frustrated plaquettes,
which act as sources and sinks of defect energy, areshared
by A andF clusters, the least energetic~shortest,JFA avoid-
ing! path between frustrated plaquettes at the boundary of
percolatingA and F clusters is found through the smaller
cluster. Only the smaller percolating cluster is expected to
break into domains at largeuJFAu.

Our observations show that for values ofuJFAu,JFA
! ,

the transition temperatures of both types of percolating clus-
ters initially increase due to an increase in effective cluster
size from embedded finite clusters. AsJFA

! is approached,
domain formation leads to the destruction of the finiteT
transition for the smaller percolating cluster. Thus, in the
limit uJFAu→` the tetracritical point observed atx5 1

2

evolves into a bicritical point where bothTN andTC vanish
simultaneously atx50.5 andT50. Alternatively, ifboth TC

and TN vanish in the limituJFAu→` ~this is not observed,
but cannot be ruled out yet!, then a gap will open in the
center of the phase diagram where periodic ordering does not
occur and spin-glass ordering might be possible.
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FIG. 4. Two-dimensional square nets ofF ~s! andA ~d! sites. Frustrated
plaquettes are denoted by a cross, while dual strings connecting frustrated
plaquettes are denoted by a dashed line.
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