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Continuum 
mechanics 

Low level  
(fundamental) 

High level  

Vortices in strongly turbulent fluid 
(M. Wiczek, numerical simulation, 2010) 

Large Re 

determinisCc	  

stochasCc	  

Laws of turbulence 
Classical:  

Richardson, Kolmogorov, Corrsin, 
Obukhov, Bolgiano 



Richardson	  
1881	  -‐	  1953	  

Kolmogorov	  
1903	  –	  1987	  

Corrsin	  
1920	  –	  1986	  

Ralph	  Bolgiano,	  Jr.	  	  
1922	  —	  	  2002	  

Obukhov	  
1918	  –	  1989	  

Pioneers	  of	  turbulence	  

Mandelbrot	  
1924-‐2010	  



Laws of Atmospheric 
Turbulence 

Fluctuations ≈ (turbulent flux) x (scale)H 

Fourier domain: 
Varianceobservables
wavenumber

⎛
⎝⎜

⎞
⎠⎟
=

Varianceflux
wavenumber

⎛
⎝⎜

⎞
⎠⎟
wavenumber( )−2H

= wavenumber( )−β

  E(k) ≈ k-β 

E(ω) ≈ ω-β 

Space:   
Time: 

Anisotropic  
Space-time  
Scale function 

Wavelets Cascading,Multifractal  
Turbulent flux  

Differences	   homogeneous	   Isotropic	  

Pioneers	  
Lovejoy	  and	  Schertzer	  2013	  



Space	  



Early	  indicaCons	  of	  wide	  range	  scaling	  

Richardon	  1926,	  redrawn	  by	  Monin	  1972	  

Richardson’s	  
4/3	  law	  

Lovejoy,	  1982,	  Science	  

Cloud	  and	  rain	  Area-‐
Perimeter	  relaCons	  
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Satellite: TRMM visible, IR, 1000 orbits 
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Reanalysis: ECMWF interim 700 mb, ±45o, 1 year 
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Satellite: TRMM microwave, 1000 orbits 

Planetary	  scale	  Horizontal	  Scaling	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  E k( ) = k−β
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Atmospheric	  Boundary	  condiCons	  

E k( ) ≈ k−β



1	  hour,	  30	  km	  
resoluCon	  

Accurate	  space-‐Cme	  scaling	  P λ−1 k,ω( )( ) = λ sP k,ω( )( )

Spectral	  
density	  in	  
(kx,ky,ω)	  
space	  

β = s − 2

Pinel	  and	  
Lovejoy	  2014	  

	  

	   	  	  
	   	   	  

	   	  	   	   	  

	   	  

Cme	  EW	  

NS	  
Perfect	  
scaling	  
(with	  finite	  
size	  effects)	  

Diurnal	  peak	  

-‐1.5	  reference	  slope	   log10E	  

log10ω	


Log10k	  (km)-‐1	

1	  hour,	  
	  30	  km	  
resoluCon	  

≈5000km	  

≈7	  days	  

Planetary	  scale	  space-‐Cme	  scaling:	  1400	  MTSAT	  IR	  images	  
30oS	  -‐	  40oN,	  Pacific	  
(Spectrum,	  1-‐D	  
subspaces)	  

k	  =	  (kx,ky)	  



Time	  



Atmospheric	  dynamics	  1	  hour-‐	  109	  yrs:	  Mitchell	  1976	  (grey,	  boiom)	  
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Climate	  
Epica:	  25-‐97	  BP	  kyrs	  (400	  yrs)	  

Macroweather	  
Berkeley:	  1880-‐1895	  AD	  (1	  month)	  

Weather	  
Lander	  Wy.:	  July	  4-‐July	  11,	  2005	  (1	  hour)	  
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m
ax
	  

Megaclimate	  
Veizer:	  290	  Mys	  -‐	  511Myrs	  BP	  (1.23Myr)	  

t	  

ΔT Δt( ) ∝ Δt H

H	  ≈	  0.4	  

H	  ≈	  -‐0.8	  

H	  ≈	  0.4	  

H	  ≈	  -‐	  0.4	  

H	  ≈	  0.4	  



The climate is  
what you expect… 

"Climate is what you expect, weather is what you get.” 
	


-Lazarus Long, character in R. Heinlein 1973	


 “Climate in a narrow sense is usually defined as the ”average weather“ ….”	  
-Intergovernmental Panel on Climate Change, 2007 

not	  

Expect	  macroweather!	  



The	  “H	  model”	  

ΔT 

Δt 

“motif”= 
1st iteration 

(Lovejoy	  2013,	  Lovejoy	  and	  Mandelbrot	  1985)	  

2nd iteration 

Random sign 

(1/2) x Δt 
 

±(1/2)H  x ΔT 

Understanding	  the	  fluctuaCon	  exponent	   ΔT Δt( ) = ϕ Δt H
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Intermiiency	  
MulCfractality,	  

Cascades	  
Is	  H	  enough?	  



Aircrar	  temperature	  transect	  	  
(12km	  alCtude)	  

500	
 1000	
 1500	
 2000	
 x	
 (	
km	
 )	


-	
53	


-	
52	


-	
51	


-	
50	


-	
49	

Temperature	
 (	
oC	
)	


ΔT = ϕΔxH

ϕ (Far from Gaussian) 

Turbulent	  flux	  
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FluctuaCons	  at	  the	  
smallest	  scale	  (280m)	  
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ResoluCon:	  
degrading	  by	  
factors	  of	  4	  
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ε0	   ε1	  

Cascades	  and	  MulCfractals	  

The	  α	  model	  

SimulaCons:	  mul&plica&ve	  introducCon	  of	  small	  scale	  details	  	  
(low	  resoluCon	  to	  high)	  

“boost”	  

“decrease”	  

Schertzer	  and	  Lovejoy	  1983	  



Mul$plica$ve	  
Cascades	  

ελ
q ≈ λK q( )

Generic	  staCsCcal	  behaviour:	  

ResoluCon:	  
raCo	  λ=L/l	  

L	  

l	


scaling	  

StaCsCcal	  
averaging	  

=	  mulCfractal	  

Scale	  invariant	  

ProbabiliCes:	  

Turbulent	  flux	  

Pr ελ > λγ( ) ≈ λ −c γ( )



128km	   1km	  
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q=2.5	  

q=2	  

q=1.5	  
q=1.2,	  0.8,	  0.6,	  0.3	  

Early	  evidence	  of	  
cascades:	  
Precipita&on	  	  

3	  weeks	  of	  rain	  data,	  1987	  	  

Schertzer	  and	  Lovejoy	  1987	  

M =
Zλ
q

Z q

Log2λ

?	  

Large	  
scales	  

Zλ
q / Z1

q = λK q( )

λ = Leff / Lres

Cascade	  
predicCon:	  

32,000km	  



Scale-‐dependent	  TRMM	  PR	  ACenua&on	  Corrected	  
Reflec&vity	  Factor	  [	  Zλ ]	  (1176	  consecu&ve	  orbits,	  70	  days)	  

Lovejoy	  et	  al	  2008	  

M =
Zλ
q

Z q
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qD	  =	  5	  

Horizontal	  Wind…	  then	  

Schertzer	  and	  Lovejoy	  1985	  

Pr Δv > s( ) ≈ s−qD ,v

InerCal	  range	  
dissipaCon	  range	  

Radelescu,	  L+S+M	  2002	  
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Laboratory	  Turbulence…now	  

Moments	  order	  >qD	  determined	  by	  
small	  scales	  

MulCfractal	  Buierfly	  effect…	  (leads	  to	  black	  swans	  events)	  
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Pr ε > s( ) ≈ s−qD



StraCficaCon,	  
Scaling	  Anisotropy	  

and	  	  
Generalized	  Scale	  

Invariance	  
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Del=3 

Del=23/9=2.55 
empirical:	  	  
2.57±0.02	  

Del=2 
Anisotropic	  Scaling	  (Generalized	  Scale	  Invariance)	  (Schertzer	  and	  Lovejoy	  1985)	  

Δv Δx( ) = ε1/3Δx1/3; Δv Δz( ) = φ1/5Δz3/5
The 23/9D model: 

Hz=(1/3)/(3/5)=5/9 Volume≈L.L.LHz≈LDel Del=2+Hz=23/9 Kolmogorov 

Bolgiano-Obukhov 



Blow	  up	  X	  2.9	  (each)	  
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A
nisotropic	  

Blow	  up	  X	  2.9,	  
“squashing”	  X	  1.6	  

(each)	  

Total:	  X5000	  
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Generalized	  
Scale	  
Invariance	  



Parameters:	  Hz	  =	  2.,	  Ls	  =	  40000	  km	  
2000	  km	  

20	  km	  

aspect	  raCos	  =	  1/5	  

Parameters:	  Hz	  =	  5/9,	  Ls	  =	  0.1	  km	  

20	  km	  

2000	  km	  

The	  unity	  of	  geosciences:	  clouds	  and	  rocks	  	  

Cloud	  
density	  

Rock	  
density	  

Lovejoy	  and	  Schertzer	  	  2008	  



StaCsCcal	  tesCng	  of	  
Anthropogenic	  

Warming	  
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Global temperatures: NASA - GISS data 
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1.9-‐2.8oC	  
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The	  Natural	  Warming	  Hypothesis	  

What	  is	  the	  probability	  
of	  a	  ≈1oC	  global	  

temperature	  increase	  
over	  ≈	  125	  years?	  
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Macroweather	  	  
(monthly,	  seasonal,	  annual,	  decadal)	  	  

forecasCng	  



Limitations of General Circulation Models  
and stochastic alternatives 

=	  “buierfly	  effect”	  	  
Loss	  of	  determinis$c	  predictability	  arer	  10	  days	  

Temperature	  

Cme	  

Forecast	  

Actual	  temperature	  

But	  by	  harnessing	  the	  buierfly	  effect	  we	  obtain	  
some	  stochas$c	  predictability….	  

“Does	  the	  flap	  of	  a	  buierfly’s	  wings	  in	  Brazil	  set	  off	  a	  tornado	  in	  Texas”	  Lorenz	  1972	  



GCMs	  for	  forecasts	  longer	  than	  ≈	  10	  days	  

Weather	  systems	  generated	  by	  GCMs	  	  
=	  random	  weather	  noise…	  	  

but	  not	  fully	  realisCc	  

Scaling	  laws	  	  generate	  
realisCc	  noise	  

Model	  
climate	   Our	  climate	  

Averages: slow convergence to  

Poten&al	  advantages	  of	  stochas&c	  forecas&ng:	  	  
a)  More	  realisCc	  weather	  “noise”	  
b)  Ability	  to	  use	  empirical	  data	  to	  force	  convergence	  to	  the	  real	  climate	  

“Brute force” 



ScaLIng Macroweather Model (SLIMM)	  

1.	  Macoweather	  ≈	  30	  years	  industrial,	  100	  years	  pre-‐industrial	  

ΔT ≈ Δt H -‐1/2<H<0	  

2.	  Simple	  model:	  fracConal	  Gaussian	  noise:	  

T t( ) = t − ′t( )− 1/2−H( ) γ ′t( )d ′t
−∞

t

∫

3.	  Vast	  memory	  due	  to	  power	  laws	  
4.	  Memory	  can	  be	  used	  for	  forecasCng,	  the	  laier	  is	  a	  solved	  problem	  mathemaCcally	  

Corresponds	  to	  fracConal	  
integral	  of	  order	  H+1/2	  of	  white	  
noise	  	  

Gaussian	  
white	  noise	  

dH+1/2

dt H+1/2 T t( ) = γ t( )



Memory needed to obtain 90% of the 
theoretical maximum skill 

-‐	   0.5	   -‐	   0.4	   -‐	   0.3	   -‐	   0.2	   -‐	   0.1	  H	  

1	  

2	  

3	  

4	  

Log	  10	  λ	
mem	  

0	  

Ex: with H = -0.2 need 
50 years of annual 
data to exploit  90% of 
the memory 50	  

White	  noise	   Pure	  “1/f”	  noise	  

Ocean:	  
PDO	  

Global	  

Land	  
15	  

600	  

Precip	  
9	  

The	  unsuspected	  ElephanCne	  
(“long	  range”)	  memory	  



Using	  SLIMM	  to	  Hindcast	  
the	  “Pause”,	  “slowdown”,	  

“hiatus”	  since	  1998	  

(The	  condiConal	  probability	  of	  the	  pause)	  



Yellow:	  NASA	  GISS	  global	  
series	  (1900-‐	  2013	  shown)	  

The	  pause	  with	  SLIMM	  forecasts	  

Red	  is	  average	  
of	  GCM	  
simulaCons	  

Black:	  SLIMM	  ensemble	  
mean	  hindcast	  from	  1992	  

Pause	  

99%	  

90%	  

70%	  

30%	  

10%	  

1%	  

50%	  



Regional	  monthly,	  
seasonal,	  annual	  	  
forecasCng	  using	  SLIMM	  



Skill for CanSIPS, 3 months horizon Skill for SLIMM, 3 months horizon 

Comparing seasonal (3 month) SLIMM and CanSIPS (GCM) 

Difference of Skill SLIMM - CanSIPS 
Blue=	  negaCve	  skill	   Jan. 1982 – Dec. 2008	  

SLIMM>CanSIPS	  
90%	  of	  earth	  



Conclusions:	  	  
The	  (unfinished)	  geo-‐revoluCons	  of	  our	  Cme	  

-‐Nonlinear	  understanding:	  
Systems	  with	  dynamics	  spanning	  wide	  ranges	  of	  space-‐Cme	  scales:	  
fractals,	  mulCfractals,	  generalized	  scale	  invariance,	  extremes	  	  
(+determinisCc	  chaos	  +	  self-‐organized	  criCcality	  +	  networks+	  nonlinear	  waves+…)	  	  

-‐Geodata	  and	  informaCcs:	  	  
Data	  sets	  spanning	  three	  or	  more	  orders	  of	  magnitude	  in	  space	  and	  in	  Cme	  are	  
now	  increasingly	  available	  (remote	  sensing,	  in	  situ	  networks,	  reanalyses)	  
	  
	  
-‐CompuCng	  and	  in	  numerical	  modelling:	  	  
Ex.:	  General	  CirculaCon	  Models	  now	  span	  three	  or	  more	  orders	  of	  magnitude	  in	  
scale,	  in	  Cme	  from	  minutes	  to	  Millenia.	  	  	  
	  


