GOETHE

UNIVERSITAT

FRANKFURT AM MAIN

Ideal Hydrodynamics

Pasi Huovinen
J. W. Goethe Universitat

JET Summer School

June 16, 2012, McGill University, Montreal, Canada



T he Space- time

PEC":U‘I'e:

T -J:’-_!.‘ =condl.

ECP.JE,H brium

P. Huovinen @ JET summer school, June 16, 2012

(©Dirk H. Rischke

Transient matter
o lifetime

t ~10fm/c

~ 10723 seconds
e small size

r ~10fm

~ 10714 m
e rapid expansion

Multiplicity @ LHC
~ 15000



Conservation laws
Conservation of energy and momentum:
0,T"" () =0

Conservation of charge:
0,N¥(x) =0

Local conservation of particle number and energy-momentum.

<= Hydrodynamics!

This can be generalized to multicomponent systems and systems with several

conserved charges:
9, N = 0,

© = baryon number, strangeness, charge. . .
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Consider only baryon number conservation, : = B.
= 5 equations contain 14 unknowns!
= The system of equations does not close.

= Provide 9 additional equations or
Eliminate 9 unknowns.

So what are the components of 7Y and N#?

e N¥ and T"” can be decomposed with respect to arbitrary, normalized,
time-like 4-vector u*,
W™ = 1
e Define a projection operator

APY = ght” —uFu”, AHYu, =0,

which projects on the 3-space orthogonal to u*.
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e Then

NH = nu** + "

where

n = N*u, is (baryon) charge density in the frame where
u = (1,0), local rest frame, LRF
vt = A" N, is charge flow in LRF,

and

THY = eulu” — PAPY + ¢"u” + ¢"ut + oH”

e = u,T""u, energy density in LRF
= —%AWTW isotropic pressure in LRF
gt = A“O‘Taﬁuﬁ energy flow in LRF
THY = [%(AMQAVQ -+ AVBAMQ) — %A“VAQB]TO‘B

(trace-free) stress tensor in LRF

e The 14 unknowns in 5 equations:

=
T
S
H/_/
)
T

Ot W W W
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e So far u" is arbitrary. It attains a physical meaning by
relating it to N or TH":

1. Eckart frame:

7
u

B VN,Nv
u is 4-velocity of charge flow, v* = 0.
The 14 unknowns are n, ¢, P, g*, 7", u*.

2. Landau frame:
TH u,,

u, TP T u
\/ By

u is 4-velocity of energy flow, ¢* = 0.
The 14 unknowns are n, €, P, v*, " ut.

7
uy,

e In general, the hydrodynamical equations are not closed
and cannot be solved uniquely.
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Ideal hydrodynamics

Suppose particles are in local thermodynamical equilibrium, i.e., single particle
phase space distribution function is given by:

e (250 1]

where

T(x) and pu(x): local temperature and chemical potential
u(x)H: local 4-velocity of fluid flow.

Then kinetic theory definitions give
d?k
>a [ S # i) = (T )

3k
/d—k“k”fz (z,k)

= Tu + P(T, p)) v"v” — P(T, p) g*

N*(x)

T ()
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where

n(T,pn) = Zqz/d?’k fi(z, E) is local charge density,
e(T,p) = Z/d?’k Ef;(z,F) is local energy density and
P(T, 1) Z/d?’k i fi(z, F) is local pressure
=S — Ji\ L, .
is Z. 3E P

Note! f(z, F) is distribution in local rest frame: u* = (1,0).

— Local thermodynamical equilibrium implies there is no viscosity:

vt =gt =7t = 0.
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Ideal fluid approximation:

Nt = nut

™ = (e+ P)utu” — Pgh*
e Local equilibrium = no viscosity: v* = g = #¥ = 0.

e Now N* and T"" contain 6 unknowns, ¢, P, n and u",
but there are still only 5 equations!

e In thermodynamical equilibrium ¢, P and n are not independent!
They are specified by two variables, 7" and /.

e The equation of state (EoS), P(7T, ) eliminates one unknown!
e Any equation of state of the form
P = P(e,n)

closes the system of hydrodynamic equations and makes it uniquely
solvable (given initial conditions).
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Remark: P = P(e,n) is not a complete equation of state
in a thermodynamical sense.

A complete equation of state allows to compute all thermodynamic variables.

For example, s = s(e,n): ds =1/Tde — u/Tdn (1st law of thermod.)

1 Os 14 0s
— — =~ |n> — = — e P s T —
T~ e T~ on =
P = P(e¢,n) does not work!
oP L, 0P,
0 on
However, P = P(T, 1) does work!
oP oP
dP =sdT +ndy = S:({?—T‘“’ n:a—’u\T
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Entropy in ideal fluid

IS conserved!
6’MS“ =

where S* = sut.
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T he Space- time
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Usefulness of hydro?

e Initial state:

e Equation of state:

e Transport coefficients:
e Freeze-out:

unknown
unknown
unknown
unknown

/

\ —> Predictive power?

— “Hydro doesn’t know where to start nor where to end” (M. Prakash)
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Usefulness of hydro?

e Initial state: unknown
e Equation of state: want to study
e Transport coefficients: want to study
e Freeze-out: unknown

—> Need More Constraints!
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“Hydrodynamical method”

1. Use another model to fix unknowns (and add new assumptions. . .

e initial: color glass condensate or pQCD+-saturation
e initial and/or final: hadronic cascade
e etc.

2. Use data to fix parameters:

Principle Example @ RHIC
dN
e use one set of data <— and
dy prdpr|,_,

€0.max = 29.6 GeV /fm’
e fix parameters to fit it = 70 = 0.6fm/c

Tt = 130 MeV

e predict another set of data — . ..
elliptic flow. . .
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Equations of motion

Conservation laws lead to the equations of motion for relativistic fluid:

Dn = —nd,u”
De = —(e+ P)o,u”
(e + P)Du* = VHP,

where
D = u"0, and VH = AFY9,,.

P. Huovinen @ JET summer school, June 16, 2012

15



Bjorken hydrodynamics

=0 =T,
V~C
v=2z/t
=g, e At very large energies, v — oo and
I l “Landau thickness” — 0
Z 0 z 0 Z

e Lack of longitudinal scale

, = scaling flow

TTO vV =

| X

\u@

pre-equilibrium

KO Y4
-0 ©Dirk H. Rischke
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e Practical coordinates to describe scaling flow expansion are

771 . ’)’]2 ’7'2 T

— Longitudinal proper time 7:

T=Vt?—22 & t=r71coshn

&z =T1sinhn
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e Scaling flow v = 2/t = fluid flow rapidity y = :

1.1 1.1 t
y=—1In +/U:—lm ) =

27 1—-v 2 1—z/t

n

e Ignore transverse expansion:
Hydrodynamic equations turn out to be particularly simple:

Oe e+ P

orl, = 7 L)
oP

2 - 2
ol 0 (2)
on n

orl, = 7 G)

e Eq. (2) =

— No force between fluid elements with different 7!
— P = P(7), no n-dependence!
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e Eq. (2) + thermodynamics:

oT
= § —

on

_ o=
-5

0
+n2t

0 o

T T T

If n=0, T =T(r) = T = const. on 7 = const. surface.

e In general T' and ¢ not constant on 7 = const. surface, but usually they
are assumed to be
= boost invariance: the system looks the same in all reference frames!

e Note that still 5 P
TRV L) £ gt
on 707 ﬁnu
Vector and tensor quantities at finite n Lorentz boosted

from values at n =0
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e Thermodynamics:

e Eq. (1):

(Eqa. (3))

de = Tds+ pdn
e+ P = Ts+ un
Oe e—I—P_O
ot T
0s on S n
= T— — 4+ 11— — =20
ot M@T T MT
0s s
= —+—-—=0
or 7
= S(T):SoE
-

=

st = const. = d.S/dn = const

independent of the equation of state!
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e Time evolution of baryon density:
Eq. (3) = n(7) = no-2 = dN/dn = const
’7-

also independent of the EoS.

e Time evolution of energy density and temperature depend on the EoS.

1

e Assume ideal gas equation of state, P = z¢, € x T4:

Oe  4de
4
= €(7) = € (%)3
1
— T(T):TO(§)3

e Note: 7y: initial time, thermalization time
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Application: Initial energy density estimate

1. “Bjorken estimate”

e At y=0, Er=F
e Thus measuring
dET

y=0

gives total energy at y = 0.
e Estimate the initial volume:

V = AAz = 1R*m An

e Thus
1 F 1 dE7T

T TR? ToAn B TR27y dy

€
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e Take R=6.3 fm and 7, = 1 fm/c:

dE

@ SPS: d—T ~ 400 GeV — €~ 3.2 GeV/fm’
Y

dET 3

@ RHIC: ~ 620 GeV — €~ 5.0 GeV/fm

dy

e Note that in this approach

e(T) = EOE
-
No longitudinal work is done.
e Pressure does work during expansion, dFf = — Pdt:
0 P
€ = d(er) = Pdr
ot T

Highly nontrivial
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2. Entropy conservation

e Assume ideal gas of massless particles:

dsS dN
s = 4n= —=4—
dy dy
4
5 = —‘ZT3
T
3
€ = —”ZT4
T

O RHIC: d—N ~ 1000
dy
g = 40 (2 flavours + gluons)
=¢ ~ 6.0GeV/fm’

P. Huovinen @ JET summer school, June 16, 2012
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Transverse expansion and flow

e Transverse expansion will set in latest at 7 = R/cs ~ 10 fm
e Lifetimes in one dimensional expansion ~ 30 fm
e One dimensional expansion an oversimplification

e 24+1D: longitudinal Bjorken, transverse expansion solved numerically
e 3+1D: expansion in all directions solved numerically

P. Huovinen @ JET summer school, June 16, 2012 25



e Define speed of sound c;:

e large c, = “stiff EoS”
e small ¢, = “soft EoS”

e For baryon-free matter in rest frame

0 c2
K — XTH —y, = —-3
(e + P)Du VHP — 8’7‘u” p 0,8

= The stiffer the EoS, the larger the acceleration
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Initial conditions

e Initial time from early thermalization argument (4finetuning. . . )
e Total entropy to fit the multiplicity

e Density distribution?

e Multiplicity is proportional to the number of participants

e Glauber model: number of participants/binary collisions

Nyars(0) = [ dady Ta(o -+ b/2. )] ..

where

> Po
TA(xay) — / de(lIZ‘,y, Z) and lo(xayv Z) — 1 4 r—Ry
oo o—s

are nuclear thickness function and nuclear density distribution
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e “Differential Optical Glauber:”
Number of participants per unit area in transverse plane:

nwN(Z,y;0) = Tal(z +5/2,y) - (1 N %TB(ZC b2 y)>B]

A

+ Tp(z—b/2,y) i (1 — 2T (z — b/2, y))A]

Number of binary collisions per unit area

nBc(ZC, Y, b) — O-ppTA(ZC -+ b/27 y)TB(w - b/27 y)

e MC-Glauber:
— sample p(z,y, z) to get the positions of nucleons in 2 nuclei
— count # of nucleons closer than /o,,/7 in the collision
— this gives nywn and ngc
— repeat to get enough statistics
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Various flavors of Glauber

1. eWN: energy density ¢(z,y;b) x nwn
2. eBC: energy density €(x,y;b) x npc
3. sWN: entropy density s(x,y;b) x nwn
4. sBC: entropy density s(z,y;b) x ngc

5. any combination of these!

e multiplicity as function of centrality
— €(z,y;b) = K- ewn + (1 — k) - eBc
or s(z,y;b) = A-swn + (1 —A) - sBc
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Equation of state

e Final state includes 7's, K's, nucleons. . .
= EoS of interacting hadron gas
= well approximated by non-interacting gas of hadrons and resonances

2;/@ — f(p,T)

e Plasma EoS (=massless parton gas) with proper statistics and pp # 0:

32 4+ 21N )72 1
( T f)ﬂ- T4+_M2BT2+

180 9

1
19272

P(T, ) = up — B

= First order phase transition by Maxwell construction

e OR parametrized lattice result (only at pp = 0):
= match your favourite smoothly to HRG
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When to end?

e Particles are observed, not fluid

e How and when to convert fluid to particles?

e i.e. how far is hydro valid?

t

d

fo

P. Huovinen @ JET summer school, June 16, 2012

e Kinetic equilibrium requires
scattering rate > expansion rate

e Scattering rate 7! ~ on o oT?

e Expansion rate 0 = 0, u"

e Fluid description breaks down when
Toe A0

— momentum distributions freeze-out

e 7.} o« T® — rapid transition to
free streaming

e Approximation: decoupling takes place
on constant temperature hypersurface
Yo, at T = T¢,

31



Cooper-Frye

e Number of particles emitted = Number of particles crossing >¢,

= N = d¥, N*
2o

e Frozen-out particles do not interact anymore: kinetic theory
d3
B L Fy—.
d3
= N = [P aspiesw
2o

e Invariant single inclusive momentum spectrum: (Cooper-Frye formula)

dN
EF— = dX, p" f(x,p-u
dp o H ( )

Cooper and Frye, PRD 10, 186 (1974)
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Elliptic flow v

spatial anisotropy > final azimuthal momentum anisotropy

e Anisotropy in coordinate space + rescattering
= Anisotropy in momentum space

o, __ o0 4 9.,__cd
(97'%; s 8338 (9Tuy s 8y8
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Elliptic flow v

e Fourier expansion of momentum distribution:

dN 1 4N
dy prdprd¢  2mdyprdpr

(1 4 2v1(y, pr) cos ¢ + 2va(y, pr) cos2¢ + - - - )

v1: Directed flow: preferred direction v,: Elliptic flow: preferred plane

\ N/
\W VIV

sensitive to speed of sound ¢? = 9p/de and shear viscosity 7

/
/
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Measures of anisotropy

=
~

10

~_ —

X [fm]

e Spatial eccentricity

(y* —a?) _ [Jdzdye-(y* —a?)
(y2 +22)) [dedye- (y? —2?)

€Er —

¢ Momentum anisotropy

(T —Tw)  [dzdyT* —TY
P (Twe 4 Tww)  [dzdyTe® — T
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e Au+Au @ RHIC, b =6 fm:

0.10
0.08
0.06
0.04
0.02
0.00

e ¢, decreases during the evolution = elliptic flow is self-quenching

— HRG+QGP —
—— lattice ]
— HRG

5 15 20

10
7 (fm/c)

e Most of ¢, is built up early in the evolution
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U9

e Not only collective but also thermal motion
e Elliptic flow v, a.k.a. pr-averaged vs:

(p2 —pi) B J d¢ cos 2¢)d dé

T2 +p2) dN/dy

e pr-differential v,

fd¢ cos 2¢)dyppoT do

f ¢dy pTdPT do

va(pr) =

o If my > mo, Ug(ml) > Ug(ml), but vg(pT,ml) < Ug(ijmg)!

e No contradiction, since

J dprvs (pT)ff]T]\;

f de dpr

Vo =

P. Huovinen @ JET summer school, June 16, 2012
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€p VS. U9

e Au+Au @ RHIC, b =7 fm:

12 i ! ! ! ! l ! ! ! ! l ! ! ! ! l ! 1 4‘.0 : I I I I | I I I | I I I I :
10 | - - E
B i 38 - —— Thermal 7 .
8 — — — t;ermal ™V, ] 3.0 :_ ------ Therm.+dec. _:
Y 2 therm.+dec. 7 v, :>cxz : ]
¥ 6 e = =g ~N RO ]
N — .- %]
; - 4 W - i
e - C ]
4 — 7 — 2.0 L :
> L B 15 [ =
O | | | | I | | | | I | | | | I | ]"O = | I I I | I I I | I I I | =
0 5 10 15 100 120 140 160
T—7, (fm/c) T, (MeV)

e NO clear correspondence
e especially if one includes resonance decays
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Why my < Mo = ?}Q(pT, ml) > ?}Q(pT, m2)7

é'vy
Simple source: —; () S

Each element has unit volume, decouples at the same time at the same
temperature. Flow velocity in plane is larger than out of plane, |v,| > |v,].

Boltzmann distribution and Cooper-Frye formula:

I, (L22eP) — eT(e=m)1, (Fur)

U2(pT) IO (%) + 6%(%—7@4)10 (’Yy;yp>

Cl — 6>\ \ m2—|—p202
Cy + eAVmip2

mass increases, numerator decreases and denominator increases
— v decreases
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Early thermalization?

® ¢,/¢, almost independent of b, i.e. the initial value of ¢,
e Before thermalization, 7 < 75 system expands to all directions, ¢, decreases

Axft,+ At)

@ Ay(ty+ At) %

(©Peter F. Kolb

—> Hydrodynamical evolution must start early or final v, is too small
e We do not know if v5 could build up before thermalization...
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event-by-event

101 L T S
Q i PHOBOS Glaub_g_r MC )
5 s o
E o -
> - |
50 .
Npgy =91, €& = 0.53 1
>~ 10— —

e shape fluctuates event-by-event

e all coefficients v,, finite
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Success of ideal hydrodynamics

e pr-averaged v, of charged hadrons:

0.1

N

>
0.08

———
—

0.06

C———
" Y —

0.04

0.02

| L | | L | | L | | L | | L | |
—@— i
@~
W@

[ —
III|III|III|III|III|I

2

0 PR T T NS TR TN T NN TN TN R N TR SR S N SR T L
0.2 04 0.6 0.8 1

nch/n

o

max

e works beautifully in central and semi-central collisions
e but why is v ;1,5 > V2 40 IN Most central collisions?
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Success of ideal hydrodynamics

Kolb, Heinz, Huovinen et al ('01) minbias Au+Au at RHIC

100 41 sTAR F o 4} STAR
—— hydro EOS Q

— hydro EOS H

v, (%)

0.75 1
P, (GeV)

not perfect agreement but plasma EoS favored
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Lattice EoS

e ideal hydro, Au+Au at /syny = 200 GeV
e chemical equilibrium

103 L I L I L L I L T T A _]
4 7T+

> 2 0-5% min.bias /
—g? 101 : 10
'U&c 10 + &5 0 ] o
Qy 0 m g 3 gt P B §
~ 10 s 7 N
= -1 My 719 »

10 ‘ a2
S # i
o2 _5 — s95p S A 44 o  STAR
} 10_3 — EoS Q \E | //‘-“2‘._1.-:-__-""—"" - + PHENIX__

10 I I | | I I | | L1 1 1 I I | | I I | | L1 1 1 O

0 1 2 0.5 1.0 1.5
p, (GeV) p, (GeV)

e s95p: T,.. = 140 MeV
e EoS Q: first order phase transition at 7. = 170 MeV, T,.. = 125 MeV
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Thermal models

- Hadronic phase: ideal gas of massive hadrons and resonances
- in chemical equilibrium

(%] | ]
2 plp NA ZIZ QIQ it KKK/ p/mK®h @/h’ Alh™ Z/hQ/T*10 * plp KK K /T p/mQ/h™*50
S = Se B ' =Y
— o e X FEA :
. % STAR = : s
o E PHENIX ; -
— O PHOBOS "' = ; )
— A BRAHMS ﬁ]l&_ < : RS
B S =130 GeV £ S =200 GeV
> Model re-fit with all data 7%_ i[ Model prediction for
10 — T=176 MeV, =41 MeV 75( | T=177 MeV, y, =29 MeV
— —_ '

e Particle ratios <= 7'~ 160-170 MeV temperature
e Evolution to 17"~ 100-120 MeV temperature

= In hydro particle ratios become wrong

P. Huovinen @ JET summer school, June 16, 2012



Chemical non-equilibrium

e Treat number of pions, kaons etc. as conserved quantum numbers
below 7,; (Bebie et al, Nucl.Phys.B378:95-130,1992)

e P = P(e¢,n,) changes very little, but 7' = T'(¢,n;) changes. . .

L /I R (O B B B A 180 T T T T [ T T T T [ T T T T [ T T T T[T T T
08 - —CE - 160 j
. | 1 ~ |
{.06 >

% i _ élZO __
G 04 | 4 T 100 7
N B _ _
02 = & ]
} | | | | ] 60 i
.00 T o b b b b

.0 1 2 .3 4 0 1 2 3 4

e (GeV/fm?) e (GeV/fm?®)
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Effect of 7}, on pions

103 §||||||||||||||||||||||||||||§ |||||||||||||||||||||||||||E
10° & u T,=150
>3 — i p—
T . F T .
o 10 & = =
B2 S = =
o o F + .
~ 10 g == =
Z = + 3
T _, F T B
Cl\:2 10 §_ _Tl«:in:]'40 _§§__Tkin:14o _§
g L T=1R0 - —T,_ =120 3
? —TkaIOO ;? —Tkin=1OO E

10_3 IIIIIIIII|IIIIIIIII|IIIIIIIIIIIIIIIIII|IIIIIIIII|IIIIIIII
0 1 2 1 2 3

p, (GeV) p, (GeV)

e Longitudinal expansion does work (pdV') = dd% decreases

e If particle # is conserved, (p;) decreases

¢ In chemical equilibrium mass energy of baryon-antibaryon pairs is converted
to kinetic energy = (pr) increases!
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More realistic EoS

e ideal hydro, Au+Au at /syny = 200 GeV
® I'torn = 150 MeV

103 IS I B B
>~ 2 . . | ]
'U&c 10 = min. bias {_ 0
@ 1 F 1
o) 10 E :
3 10° L p/o ]
\ p—
Z, B = 1.
T 100 F :
S 10~ E (5 An STAR |
" 3 E // +  PHENIX _

].O_ NN B RN B =" 0y — 0

0 L 2 05 10 15

p, (GeV) p, (GeV)
e EoS Q: Tdec = 120 MEV, Sini X Nbfm TO = 0.2 fm/c

o 595p, ToO = 0.8: Tdec — 120 MEV, Sini X Nbfm, TO = 0.8 fm/c
o 595[), TO = 0.2: Tdec = 120 MeV, Sini X Nbin + Npartv TO = 0.2 fm/c
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Summary

e Hydrodynamics is a useful tool to model collision dynamics

— approximation at its best
— but it can reproduce (some of) the data

e we have observed hydrodynamical behaviour at RHIC and LHC
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