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Marc has clarified several times long-standing problems 
and confusion by using new (and old) methods of 
regularization and computation. One such problem is the 
“anomaly puzzle”. 

Toni Rebhan, Robert Wimmer and I have studied the past 
15 years the one-loop quantum corrections to the mass M 
and the central charge(s) Z of solitons: susy kinks, 
vortices, and N=2 and N=4 monopoles.  

We have constructed a new regularization scheme for 
these systems (and more general systems) which gives BPS 
saturation (M(1)=Z(1)). The corrections to Z(1) looked like an 
anomaly, but the usual susy current, and thus also the 
central charge current, is conserved (free from anomalies). 

For solitons, problems with Rξ gauge in superspace 



Following FZ who found for the N=1 WZ model 

€ 

one can begin with an “early easy” anomaly (the 
chiral anomaly in their case), and get the other 
anomalies from susy. Since        is the conformal 
susy current, there is also a conformal central 
charge current, and the question arose: 

Is  Z(1) equal to the anomaly in a conformal 
central charge current? 



We began with the susy kink in d=2. But then we moved to N=2 
monopoles in d=4 and here we found problems with the N=2 anomaly 
multiplet. Our explicit calculations for various anomalies (chiral 
anomaly, susy anomaly) did not agree with what the currents of the 
N=1 formulation (Grisaru-West and Grisaru-Milevski-Zanon) 
predicted. We are led to the following conjectures: 

Conjecture 1:The N=2 current multiplet and anomaly multiplet 
contain extra terms beyond those provided by the corresponding 
manifestly N=1 susy formulation. 

Conjecture 2:The N=1 superspace results as they now stand, cannot 
be extended to a full N=2 superspace formulation.  



BPS and anomalies for the susy kink. 

The susy current                                             transforms into the  
stress tensor and the central charge current 

                                           with 

where                                               

M(1)≠0 from 

About the 1-loop quantum corrections to ζµ: 
•  Zero because total derivative? No. 
•  Zero after detailed calculation? Yes. 



But M(1) ≠ 0. So where is Z(1)? 

Answer: the (1,1) susy WZ model in d = 1 + 1 is also a susy model  
 in d = 2 + 1. 

Go to 2 + 1 dimensions, keep the soliton in one dimension, and do 
dimensional regularization in the other dimension. (In 
dimensional reduction there is no space for the soliton). This 
preserves susy, but no need for evanescent terms etc… 

So Zreg = Zx – Py. Then < solitons | Py | solitons > gives Zreg
(1) ! 



Details: 

where  



The zero mode φ0(x) becomes massless right-moving chiral domain wall 
fermions! 

from index theorem or directly :                                  

= 



Dimensional reduction and the kink 

Cf Grisaru, Zanon, Cambridge 1985 

jµ = as before. Problem: γµjµ = 0 (+ explicit breaking). 
Solution: renormalization requires an evanescent counterterm for 
jµ, which in turn gives the anomaly. 

jµ =                    = 0 (From no tadpoles                          )  

But  

(From                                           ) 



Now use susy to get corrections to central charge: 

But this is finite!! Because 

                                            and 

Lesson: begin with “early easy” current. Then use susy to get 
corrections to higher currents.  



Variation of         gives             and 

                               : the conformal central charge current. 

Since                                 we see that: 

The anomaly in the conformal central charge current is equal to 
the finite one-loop correction to the ordinary central charge 
current.  



Results for vortices: 

N = 2 susy vortex in d = 2 + 1 from N = 1 in d = 3 + 1  
No divs in odd dims in dim. reg. 

• Vanishing tadpole condition yields finite renormalization 

    δv2 of vHiggs:                                  = 0 

• Difference of spectral densities for bosons and fermions ρ(k2) 
vanishes in this case, so M(1) due to δv2. 

• Again Zren = Z + Py, but now <Py> = 0 due to ρ(k2) = 0. 



• But the modes for the Higgs fluctuations get an extra phase 

 factor einθ from the long-range massless QED background gauge 

 field for the vortex solution. And 

with  

yields 

So: no anomalies, but still   M(1) = Z(1)  ≠ 0 



Results for monopoles: 

N=2 case: as kinks 

•  M(1) =  zero point energies   +    boundary terms 
! ! ! ! ! ! ! ! ! ! ! ! !#

 Δρ(k2) ≠ 0 from index theorem          zero 

•  Z factors for Mcl = 4πv0/g0. Use renormalization theory for 
background field method. 

•  Again Z(1) from <Py>. BPS holds 



N = 4 case: expect M(1) = Z(1) =0. Correct, but… 
Zero point energies = 0. But boundary terms ≠ 0 and divergent! 
Ordinary renorm. of no help (all Z = 1), but extra-ordinary ren. 
does help: 

The improved currents are finite, but the improvement terms 
renormalize muliplicatively as composite operators. 

Then BPS holds again. 





Anomalies in N=2 SYM 
N=2 Multiplets 

(real a) 



N=1 multiplets 

                   
N = 1 SYM    N=1 chiral  EXTRA! 
anomaly      anomaly 
multiplet      multiplet 



General questions 

1)  Is there  path integral derivation of 
anomalies for proper graphs? 

2) What if the anomaly contains part of a 
field equation? 



References to our work on susy solitons 








